1276

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 15, NO. 5, SEPTEMBER 2004

Temporal BY'Y Encoding, Markovian State Spaces,
and Space Dimension Determination

Lei Xu, Fellow, IEEE

Abstract—As a complementary to those temporal coding ap-
proaches of the current major stream, this paper aims at the
Markovian state space temporal models from the perspective of
the temporal Bayesian Ying-Yang (BYY) learning with both new
insights and new results on not only the discrete state featured
Hidden Markov model and extensions but also the continuous state
featured linear state spaces and extensions, especially with a new
learning mechanism that makes selection of the state number or
the dimension of state space either automatically during adaptive
learning or subsequently after learning via model selection criteria
obtained from this mechanism. Experiments are demonstrated to
show how the proposed approach works.

Index Terms—Gated multitemporal models, harmony learning,
hidden Markov model, linear state spaces, space dimension, state
selection, temporal Bayesian Ying-Yang (BYY) system, temporal
factor analysis.

I. INTRODUCTION

IMULTANEOUSLY building up a bottom-up pathway for
S encoding an observed pattern into a representation space
and a top-down pathway for reconstructing a pattern from an
inner representation has been widely adopted as a fundamental
idea in various studies of brain theory and neural networks.
Typical examples include Carpenter and Grossberg’s adaptive
resonance theory (ART) [8], Kawato’s theory on cerebellum
and motor control [15], and Hinton and colleagues’ Helmholtz
machines and wake-sleep learning [9], [11]. Moreover, the
LMSER self-organizing rule proposed in 1991 [42] is also
an effort that uses a bidirectional architecture for statistical
unsupervised learning.

The basic sprit of the least mean-square-error reconstruction
(LMSER) self-organizing has been further developed into the
Bayesian Ying Yang (BYY) harmony learning [40], which is
firstly proposed in 1995 and then systematically developed in
past years. Readers are referred to [30] and [31] for a recent
systematical introduction. The BYY harmony learning formu-
lates the two pathway sprit in a general statistical framework.
First, aso-called BY'Y system is proposed for coordinately mod-
eling the two pathways via two complement Bayesian represen-
tations of the joint distribution on an observation space and rep-
resentation space such that a number of existing major learning
problems and learning methods are revisited as special cases
from a unified perspective. Second, a harmony learning theory
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is developed with a new learning mechanism that makes model
selection implemented either automatically during parameter
learning or subsequently after parameter learning via a new class
of model selection criteria obtained from this mechanism. Third,
this BY'Y harmony learning has motivated three types of regu-
larization, namely a data smoothing technique that provides a
new solution on the hyper-parameter in a Tikinov-like regular-
ization [23], a normalization with a new conscience de-learning
mechanism that has a nature similar to the rival penalized com-
petitive learning (RPCL) [30], [33], [41], and a structural reg-
ularization by imposing certain structural constraints via de-
signing a specific forward structure in a BYY system. Specif-
ically, the harmony learning on various specific BYY systems
with typical structures lead to various specific learning algo-
rithms as well as the detailed forms for implementing regular-
ization and model selection. The details are referred to [30],
[31], [33].

In recent years, a large volume of physiological and behav-
ioral data has emerged in supporting a key role for temporal
coding in the brain. Using time as an extra degree of freedom
in neural representation, temporal coding takes a very impor-
tant role in various information processing tasks, including
scene segmentation, figure-ground separation, classification,
learning, associative memory, inference, motor control, and
communication. Though ever increasing emphases in the liter-
ature of neural network have been put on the topics of nonlinear
dynamics, oscillatory and chaotic networks, spiking neurons,
and pulse-coupled networks, the studies on temporal coding
via Markovian state spaces can be traced back to 60s in the
literature of control theory and 70s in the literature of signal
processing and speech recognition. One typical example is the
well known Kalman filter [14] that bases on a linear state
space, which has been extensively studied and applied in the
fields of control systems and signal processing over decades.
Another typical example is the well known hidden Markov
model (HMM) that bases a discrete state space, which has
been also widely studied and used not only in the field of
speech processing and recognition but also recently in many
tasks of learning, data mining, and bio-informatics [5]. As a
complementary to those temporal coding approaches of the
current major stream, this paper aims at providing not only
a unified framework for these Markovian state space based
temporal models in help of temporal BYY learning [32], [34],
but also several new advances on both the HMM and the linear
state spaces.

The task of learning on the Markovian state spaces is usually
made via maximum likelihood (ML) learning. The ML learning
works well when the number of states or the dimension of
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Fig. 1. BYY harmony learning.

the state space is known, which is however unknown in many
practical problems. Efforts have been made toward this critical
challenge, with a number of model selection criteria developed
to evaluate a family of structures with different scales such
that a best one is selected. Typical examples include the AIC
criterion [3] as well as its extensions [4], the VC dimension
based learning theory [24], Cross validation [22], Bayesian
theory [16], [21], the minimum message length (MML) theory
[25], and the minimum description length (MDL) theory [11],
[18], [19]. However, only a rough solution is available from
these existing model selection criteria in the cases of a small
size of samples. Moreover, the criteria can only be used in a
computational very expensive two-stage procedure that selects
models after making ML learning on all the candidate models,
but not applicable to making model selection during parameter
learning. In contrast, the temporal BY'Y harmony learning pro-
vides a new learning mechanism that can make model selection
and parameter learning under a same best harmony principle,
and model selection is implemented either automatically during
parameter learning under this harmony principle or via a new
class of model selection criteria obtained from this mechanism
after making parameter learning under the maximum likelihood
principle.

In Section II, after introducing the fundamentals of BYY
system and harmony learning, two types of temporal BY'Y sys-
tems are presented under a general framework for Markovian
state space based temporal models. One is called the temporal
BYY process system [32], [34], with its key points re-elabo-
rated here. The other is called temporal BYY instantaneous
system that is newly presented in this paper. Detailed algo-
rithms and criteria have been provided not only on the discrete
state featured HMM and extensions in Section III but also on
the continuous state featured TFA, TNFA, and extensions in
Section IV. Several experimental results are demonstrated in
Section V before giving the concluding remarks in Section VI.

II. TEMPORAL BAYESIAN YING-YANG SYSTEMS AND
HARMONY LEARNING

A. BYY System and Harmony Learning

As shown in Fig. 1, we consider the joint distribution of an ob-
servation x and its inner representation y in a learning system
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q(x,y)=q(xly)q(y)

p(x,y)=p(yIx)p(x)

(b)

from two complement aspects. On one hand, each x is inter-
preted as generated via a backward path ¢(x|y) from an inner
distribution ¢(y) in a structure subject to certain learning tasks,
i.e.,

%) = [ a(xiy)ay)uldy) m
where p(+) is a given measure. On the other hand, each x is

interpreted as being mapped into an inner representation y via
a forward path p(y|x)

p(y) = / p(y1x)p(x) pu(dx)

to match the target density ¢(y). The two aspects reflect the
two types of Bayesian decomposition of the joint density
q(xly)aly) = a(x,y) = p(x,y) = p(x)p(y|x). Without
any constraint, the two should be conceptually identical. How-
ever, in a practical consideration, p(x) is obtained from a set
X = {x:}I_, of observed samples and other three components
p(y|x), ¢(x]y), and ¢(y) are also subject to certain structural
constraints. Thus, we usually have two different but comple-
mentary Bayesian representations

(@)

3

which compliments to the famous Chinese ancient Ying-Yang
philosophy with p(x,y) called Yang machine that consists of
the observation space (or called Yang space) by p(x) and the
forward pathway (or called Yang pathway) by p(y|x), and
with ¢(x,y) called Ying machine that consists of the invisible
domain (or Ying space) by ¢(y) and the Ying (or backward)
pathway by ¢(x|y). Such a pair of Ying-Yang models is called
BYY system.

Typically, p(x) is obtained either from X directly or after a
smoothing preprocessing featured by a smoothing parameter h.
Thus, it can be denoted as p(z|X) or p(z|X, h). Our learning
task is to specify all the aspects of p(y|x), ¢(x|y), and ¢(y) as
well as h (if any). Specifically, the task further consists of design
of structures and learning of unknowns.

The structure of ¢(y) describes the nature of the inner
representation. A specific structure of ¢(y) is specified in

p(x,y) = p(y|x)p(x), a(x,¥) = q(x|y)q(y)
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three aspects. One is the representation format or the function
form of ¢(y), which features the key nature of the learning
task that a specific BYY system performs. The other is a set
k of integers called scale parameters. A collection of specific
BYY systems with different specific values of k corresponds
to a family of specific BYY systems (thus, specific learning
models they perform) that share a same system configuration
but in different scales. Another is a set 6, of all unknown
parameters in real numbers.

The implementing architecture of a BYY system is featured
by a combination of the specific structures of p(y|x), ¢(x|y).
There are three typical combinations as follows:

* A B-architecture that directly implements (1), with a struc-
ture-free p(y|x),

* A F-architecture that directly implements (2), with a struc-
ture-free ¢(x|y),

A Bl-architecture that bidirectionally implements both (1)
and (2).

Each of three architectures can implement a learning task of the
same nature, but from a different perspective and with a different
performance. We say p(u|v) is structural free if p(u|v) € ’PS‘L,
with PS‘U consisting of all of functions in the format of p(u|v)
that satisfies [ p(ulv)du = 1, p(ulv) > 0. One of p(y|x),
q(x|y) is designed as being structure-free means that there is
no any priori constraint to impose on it and it will be specified
during learning via other components in a BY'Y system. In con-
trast, a parametric p(u|v) € Pflv means that it comes from a

family ’Pf » With a prespecified structure based on certain priori
requirements or knowledge and then a particular density is spec-
ified by a set of unknown parameters. Without losing generality,
we use 0,),, to denote not only this set of unknown parameters
but also even a free p(u|v) that can be regraded as a real set of
infinite many of unknowns.

Specifically, the function forms and scale parameters of
p(y|x), q(x]y) are selected according to the structure of
q(y). In other words, k of ¢(y) actually represents the
scales of a whole BYY system with the entire parameter set
0 = {0,,0.)y,0yz}. Therefore, the learning task consists
of determining both # and k. The former is usually called
parameter learning that searches a specific value of § within a
real domain ©. The latter is usually called model selection that
selects a specific value of k among a discrete domain K that
corresponds a collection of all the candidate models.

The basic principle to implement both the two tasks is
making the Ying machine and Yang machine be best harmony
in a twofold sense as follows:

* difference between the two Bayesian representations in (3)
should be minimized;
* resulting BYY system should be of the least complexity.

Mathematically,
[30]-[33], [40]

this principle can be implemented by

ax H(O. k), H(O.K) =H(pll)
H(pllg) = / p(y%)p(x) Infg(x]y)(y)
x p(dx)u(dy) — Zq,
Z, = —Wlu(6e)u(y). @
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As discussed in [30] and [33], taking a regularization role
for learning on a small size of samples, Z, comes from
the fact that the above harmony measure is derived from
its original definition H(pll¢) = >.,p:lng on discrete
probability distributions. Specifically, p(6(x)) and u(6(y))
can be estimated in several specific choices. For examples,
from 1 = [qx[y)a(y)n(6(x)u((y) = Yier Lyey
q(x|y)a(y)n(6(x))u(6(y)) we may get

n(6(y))n(é(y)) = > 5 ql(X|Y)(I(Y)

xeEX yeYy

(&)

where ) consists of a set of samples of y that is usually obtained
in a correspondence to &X'. Alternatively, we can even directly
let ¢(x|y) to be replaced by p(x) that is either given by (1) or
obtained from the sample A" [26].

One salient feature of H (6, k) is that both parameter learning
and model selection are implemented via maximizing this same
criterion.

This feature is not shared by the conventional two-stage im-
plementation of typical approaches in the existing literature of
statistical learning. That is, parameter learning is made under
maximum likelihood principle at Stage I on getting a best pa-
rameter set fy for each candidate model that corresponds k €
K, where K consists of a given set of possible candidates. At
Stage I, a best k* is selected by miny J(k) and the value .J(k)
at every candidate k € K has to be calculated basing on ¢} that
is resulted from parameter learning. Typical model selection cri-
teria include MML/MDL [18], [19], [25], AIC [3] as well as ex-
tensions [4]. One serious problem of this two-stage implemen-
tation is that the computing cost is very expensive since param-
eter learning has to be made on every candidate k that should
be enumerated among K.

Instead of implementing the two stages with different crite-
rion for each stage, model selection is not only made via the
same criterion H (6, k) that parameter learning is based on, but
also implemented automatically during parameter learning. On
the other hand, H(6,k) in (4) can also be used in the con-
ventional two stage way. At Stage I, we can make parameter
learning by

max H(9), H(H)=H(H,k) 6)

with each k € K enumerated from small scales incrementally
to large scales. With the obtained 65, model selection is imple-
mented at Stage II via

mkin J(k), J(k)=-H(b;,k). @)

Moreover, when N is very small, this new model selection cri-

terion can be further improved by the following generalized ver-

sion

Meff + MEx
N

which will be further discussed at the end of Section VI.
Furthermore, as an alternative of (6), Stage I can also be made
with parameter learning via

Ja(k) = J(k) + ®

win K1) = [ p(ybp() IHIMMMX)MMY) ©)
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which has been systematically investigated in the early study
of the BYY learning and actually shown being equivalent to
the ML learning on ¢(x) by (1) when the BYY system has a
B-architecture [40].

B. Inner Representation Structures and Model Selection
Mechanism

The structure of ¢(y) for inner representation takes a crucial
role in BYY harmony learning. Not only it should match the
nature of a learning task to be perform (e.g., classification, clus-
tering, feature extraction, temporal encoding, etc), but also ¢(y),
designed in an appropriate format with a scale large enough,
is essential to enable the new model selection mechanism of
H(6,k) in (4). This mechanism will make the implementation
of (6) result in a specific value of # by which k is effectively
reduced to an appropriate one. In other words, model selection
is made automatically during making parameter learning. This
is a unique advantage of H(#,k) that is not shared by typical
model selection approaches in the existing literature.

Before describing the inner representations for temporal
encoding in Section II-C, it is helpful to make a systematic
view on inner representations for typical learning tasks without
considering temporal relation. For this purpose, we consider the
special cases of ¢(y) on a three-part representationy = {y, z, £}
in which £ is a random variable that takes one of discrete values
1,...,k, z consists of z() ... 2™ with each z() being a
random variable that takes one of discrete values 1, ..., ykej,
and y consists of ¥V, ..., y(™) with each y(/) being a random
variable that takes real numbers from some distribution. The
three parts y, z, £ jointly have the following structure:

q(y) =q(y,2,£) = q(y, z|€)q(¢)

k k
ﬁ):Zajé(f— OngO, Zozjzl
i=1 i=1

Hq (J

Wle) = q(y(’)lz(’)l)q(z ey

kej

Zﬂ/ﬂ
k”]
Z Brji =1, q(y'
=1

=G (y(j)UMji» U?ji) :

In this paper, we use G(|u, ) to denote that £ comes from a
Gaussian distribution with the mean p and the variance matrix
3. Also, §(u) in the above and §(u) to be encountered later are
defined as follows:

q(y,z[¢) =

g(yP, 2
J)|g

=), Beji >0,

N9 =q.0)

(10)

[ 6(0), ifu=0
6(u) = {0, otherwise
with
6(0) =1 !
( ) o EE)I(l] €
_ 1, ifu=0
b(u) = {07 otherwise. an

1279

First, we consider the case that k = 1, which is encoun-
tered in those learning tasks where the inner representation is
y = [y®,...,y™)] that is usually interpreted as hidden fac-
tors, feature vectors, etc. In this special case, it follows from
(10) that

H q(y
j=1
q(y) |Z(])) (Z(J))
k;

() Zﬁﬂ(g @) —4)

.

(y(J) Z(J))

<!

i=1
Bii >0, Zﬁﬁ =1 (12)
i=1
As systematically reviewed in [27], a BYY system with
x=Ay+e, ie., qlzly) = G(z|Ay, X) (13)

and ¢(y) by (12) leads to the classical factor analysis [2] when
y) comes from a standard Gaussian with every k; = 1. More-
over, if k; > 1 and y(j ) is real but non-Gaussian, we have

m  kj
q(y)Z/ qy, z HZ id (1/ )Iﬂﬂ) (14)

which leads to not only the so-called learned mixture based
ICA [27], [38] when X — 0, but also the non-Gaussian factor
analysis (NFA) that extends the classical factor analysis to the
cases with non-Gaussian factors [27], [33]. Moreover, based on
H(#,k) in (4), the number m of factors can be decided during
the implementation of learning. Furthermore, it has been shown
recently in [26] that a BYY system with ¢(y) = q(y, z) by (12)
in a general case leads to a new NFA version with the scales
{k;} becoming selectable.

Second, we consider the case that k = 1, every k; = 2
and every yU) does not exist (ie., ¢(y) = ¢(z) =
f q y(j) z(j))dy(j)) In this case, the inner representation
is a binary vector z = [2z(1), ... 2(™)]. Together with (13), we
are lead to a binary factor analys1s (BFA) [33], [36] and the
LMSER learning [30], [42]. Again, the number m of factors
can be decided during the maximization of H (6, k) in (4).

Third, we consider the case of k& # 1 and ¢(¢) =
J q(y, z,¢)dydz, which is encountered in a learning task
for classification or cluster analysis that classifies every obser-
vation to one of { = ., k labels. In this case, it follows
from (1) that:

15)

k
r) =Y ajq(xd;)
7=1

When ¢(z]6;) = G(z|m;,%), BYY learning by H(¢,k) in
(4) can perform Gaussian mixture estimation, elliptic clustering,
MSE clustering with the number £ selected either automatically
during learning [30], [33] or via criteria obtained from H (6, k)
[30], [33], [40]. With ¢(x|6;) extended beyond Gaussian in help
of the so-called multiset mixture, BY'Y learning by H (6, k) can
detect multiple objects with various shapes [29].
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With ¢(y) = q(y, z,£) in a general case by (10), the above
tasks can be combined. For example, we have a local FA when
every y) is Gaussian [30] or a local NFA [30] when q(ylf)
is given by (14), which performs a combined task with ¢ for
classification and with y = [y, ..., y(™0)] as extracted fea-
ture vector of the class £. We can also get a local BFA and local
LMSER [28], [30] with a binary vector z = [z, ... 2(™)] in
place of y = [y, ... y(m].

Beyond unifying the results, H(6,k) in (4) with ¢(y) =
q(y, z,£) in a general case by (10) will also bring us new re-
sults. One example is that a local NFA can be performed with
not only k and {m,} but also {k¢; } all selectable. One other ex-
ample is that a BFA and local BFA can be extended from z()
taking binary values to k; discrete values.

Why the BYY harmony learning by H (6, k) has a new model
selection mechanism has been explained from the perspectives
of a least complexity in [30], [33], a best information transfer
in [26], [31], and a generalized projection geometry in [26], re-
spectively. In the following, we provide further intuitive insights
on this mechanism, especially on which situations are suitable
for deriving model selection criteria from J(k) = —H (6, k)
and on which situations are suitable for making learning by (6)
with automatic model selection.

Observing H (f, k) in (4), the mechanism that selects k can
be intuitively observed from maximizing

/p(y|x>p<x> In g(y) () (dy) = / p(y) In g(y)u(dy),
p(y) = / p(y )P () ()

which results in ¢(y) = p(y) if p(y) falls in the parametric
family of ¢(y). That is, the BY'Y harmony learning by (4) con-
tains a force that minimizes the entropy of the inner representa-
tion structure, i.e.,

H,y = - / o)l g(y)uldy) + %,

where c_ is infinite large constant that cancels out another in-
finite large constant —c¥_ that comes from those 6(z) — i)’s
and 8(¢ — j)’s in ¢(y) given by (10). Specifically, we have

k
= (1 + Z agmg) In 6(0).

(=1

(16)

a7

This ¢, comes from the term —Z,. Specifically, it follows from

(5) that Z, consists of two parts
Zg=727+27) (18)

where Z2° = M In§(0) collects all the In6(0)-terms that
comes from each 8 function §(u — ¢) in a density of a discrete
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variable u, including c¥, by (17), while Zg is a bounded
term contributed from not only those densities of continuous
variables and but also the densities of discrete variables after
turning each § function §(u — c) into its counter part &(u — c).
Corresponding to ¢(y) by (10), we have (19), shown at the
bottom of the page. It further follows from (16) that we have

k k my
Hy = — E apln oy + E oy E H@J
=1 =1 j=1

ke;

0.5[1 +1In (2m)] + >~ Bejiln ';Z (a) real y(¥)
Hej= ke =
= > Bejiln Beji (b) no y@).
i=1
(20)

Thus, it can be observed that the minimization of H, leads to

(67 :5<£—£*), ﬁlji :5(7;—'[;*)7

2 _
oy =0,

where £*, i* can be selected arbitrarily. It is equivalent to that k,
kg¢; are actually all pushed to the minimum 1. Moreover, Ul?ji =
0 for all i means that ) is deterministic at the component /
and, thus, can be discarded. Furthermore, ol?j,i = 0foralli,j, £
means that my is pushed to 0.

Of course, the above extreme situation will not really happen
since H(#,k) in (4) also contains

/p<y|x>p(x> nfg(x[y)]u(dx)u(dy).

which will increase as the scales k, my, k¢; increase. After the
scales go beyond certain values, this increasing will stop and
then remain unchanged when p(x) is the true distribution. How-
ever, H(6,k) will still increase slowly even after the scales go
beyond these threshold values when p(x) is actually obtained
from a set X = {x;}I_, of a finite size. Finally, H (6, k) will
suddenly tend to infinite when the scales go too large.

The coordination of the above two tendencies makes .J (k) =
—H 0y, k) vary as illustrated in Fig. 2 where only one scale
k is demonstrated. As shown in Fig. 2(a), J(k) will decrease
as k increases until a £*. When k > k*, making learning by (6)
includes minimizing H,, during which those extra a, £ = k* +
1,...,k are pushed toward O and, thus, have no contribution to
H,. So, J(k) will roughly remain flat for a certain period until
reaching a breaking limit £". In such a learning process, we
do not need to check J(k) explicitly. Instead, given a k > k*,
model selection on k£* is automatically implied in the parameter
learning by (6) via driving those extra oy, £ = k* + 1,...,k
to 0. Similarly, we can understand the situations with not just
k but also the other scales my, k¢;, as well as their nontrivial
degenerated cases.

M=

; OC/Q(x|y7 Z, K) 7ﬁ

4
1 j=1

b
Z) = —
q my kej

In< >
yeY £
k
In

=1 j=li=1

[ﬂejsz (y(j)|ll/gjz(j) , Ol?jz(j))} } (a) real y()

{Z > aeq(wlz, ) T 3 Bejib(z9) — Z’)} (b) no y19).

19)
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6= {91*7 19_} =0 0= {91*, 09:}, 6, under constraint
~H(.k)

E.g.oneq, =

toreduce k to k-1

-H(6,k)

Oisequivalent

Fig.2. (a) Automatic model selection during parameter learning with an initial
k in a large enough value. (b) Model selection made after parameter learning on
every k in a given interval [k, k,].

Carefully examining (20), we can observe that selectable
scales via minimizing H, are respectively the scales of
random variables ¢, z, y that are directly considered via
q(y) = q(y, 2, £). A similar observation may be expected even
either q(y) = q(y, 2, £) is in a structure different from (10) or
y consists of other types of random variables jointly. However,
what happens on those scales that their corresponding random
variables are not directly considered in ¢(y) ? For an example,
we only make a direct consideration on a random label ¢ and

random variables of y via q = [q(y,z,0)dz = q(y,?)
with g(yl6) = 10, S5 NG (y<f>|ueﬂ,%) For (16),
we have

k k my
Hy = — Zaglnag +ZO¢[ZH[J,
(=1 (=1 7=1
kg]
Hyj= - Zﬂji/G (y(J)“Mji»Ugji)
=1

ke

X In ZﬁjiG (y(j)|lfféji70—£?ji> p(dyD).
=1

Now, there is no a clear indication that minimizing H, ; will
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and then H, in (20) becomes (22), shown at the bottom of the
page, which will increase as the scales k, my, kg; increase. This
can be clearly observed from its simplified case

Hyzlnk—i—mlnm—f—H;
H = {8.5 m[l + In (2702)]

by letting m¢ = m, k¢j = k and o?ﬁ = 02. So, J(k) =
—H (6, k) with H,, by (22) will have a shape as illustrated in
Fig. 2(b) where only one scale k is demonstrated. That is, the
model selection should be made by (7) via a two-stage imple-
mentation. A similar situation will happen when the parameters
ag, Beji, ogﬁ are learned by (9) or the ML learning on ¢(x) by
(1), during which extra parameters will no longer driven to 0
since there is no a clear force to minimize H,.

(a) real y¥)

C. Temporal Inner Representations and Two Temporal
BYY Systems

Conceptually, the BY'Y system in (3) can be used to learn tem-
poral dependence via (4) or (9) by inserting a pair of a temporal
process X = z1Z9---xr and its inner temporal process y =
Y1¥2 - - - Y1, which, thus, can be called a temporal Bayesian
Ying-Yang (TBYY) process system (shortly TBYY p-system). In
implementation, this situation is usually too complicated to be
handled directly. Further simplification can be made by consid-
ering types of inner representation for temporal encoding.

‘We adopt the well known Markovian assumption that the cur-
rent inner coding y; depends on only a finite number of past
codings w; = {yt—-,7 = 1,...,p} and the current observa-
tion x;. On the other hand, the current z; can also be regarded
as generated from the current coding y; that covers the past in-
formation already. Moreover, “knowing that the event z; = Z,
happens already” means that the event is irrelevant to any envi-
ronment. As a result, we have the following temporal relations:

= H q(yelw:)

driving extra (;; toward 0. Thus, we cannot guarantee that q(xly) = H q(wely)
{k[j} can be selected automatically during learning. -
ﬁXInstead of automatical model selection, we may also simply y|x Hp Yt|=’17t wf
T
1 1 _ — 72
ag == Buyi=+ (21) = HG ($t|$t7hm1) . (23)
k k lj t=1
1 k my
Hy=Ink+ 23> Inke + H,
=1 j=1
koj
k ko mg Z Inoe;s '
Hy = 0.5[1 + In (27)] e; aemye + % Z 2 (a) real y(¥) (22)

(b) no y(j)
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Moreover, the inner representation y; can still own a structure
similar to (10). We can let all the appearances of y in (10) to be
replaced with y;|w; for encoding temporal relations. However,
it will be too tedious and also unnecessary to consider all the
temporal relations between y; and w;. Usually, we only need to
consider several typical relations. In this paper, we focus on the
following relations:

q(yilwe) = q(ye, ze, Le|wy)
= q(Ye, ze[le, we)q (L |wy)

my
H q (y§])7 Zt(])wtth)
( |Zt ‘gt7wt) q (Zt(])|’€t7wt)

q(yt, ze|l,wy) =

q(yt(j) Dlee, w)

=q
( |wt zq(ﬁtlfp)
()th)=q(J”&J%)
( DD g, wt) :q( 29 ét,yj,)
6 ={trT=1,..p},

2, = {meT r= 1,...,p}
y?,t = {yt(J)‘r = 17' - 7p} -

The detailed and simplified forms of the above will be further

discussed in the rest sections. In the sequel we first derive the

implementable forms of the BY'Y harmony learning from (4).
Putting (23) into (4), we have

>
H, = / plwi) Hplla, wou(dor)
Hy(pllg, we) = /P(Yt|l’t:wt)G (we|@e, B2T)

X Infq(z4|ye, we)q(yelw)]
X p(dzy)p(dy:) — Ztgt).

(24)

H(pllq) =

(25)

We can further simplify the above integral in a format
Jp(u p(du) by a Taylor expansion of T'(u) around
the mean @ = [up(u)p(du), resulting in [32], [34]

| / p() T () ()
~T(u) + crTr[SH (u)]

_ 0,
‘=1 0.5,

where ¥ is the covariance matrix of p(u), H(u) is the Hessian
of T'(u), and T'r[C] is the trace of matrix C'. Thus, from (25) in
the first-order expansion, we approximately have

the first order expansion only
up to the second order expansion

(26)

Ht = /p(yt|$t7dzt)G (.ﬁIZ’”ff/hiI)
x Infg(@ilye)a(yilwn)lu(de) u(dy:) - 2§
Wy = {ytf‘m’r = 17 s 7p}7

Yi—r = /Yt—Tp(yt—T|‘Dt—l)N(dwt)- 27
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Following the derivation made in [30, 32] it further follows that
maximizing H (p||q) results in

p(yele, @) = 6(ye — ¥(24)) La_m/ecmre,\
V() ;/’arg n;é}X[q(xtlyt)q(ytlwt)L (28)

S (xilwe, Oy),
Putting it into (27), we further have

a Bl-architecture.

Yi-r = yt—T- (29)

Then considering (26) again in its second-order expansion case
with G (|2, h21) taking the position of p(u), we can further
get

Hy = In[q(Z4]y:)q(3¢|@e)] — Z4(2)

+ 0.5h2Tr[my(34)]
Wy = {yt—‘mT = 17 s 7p}
9 Ina(xily) 1y is discrete and regarded as

Oxy 3:r$ ?
irrelevant to a real x4,

={ Zlng(@:y(=)) :
mq(xt) W, ¥ (z) with respect to a (30)
real x; is in consideration,
0, x4 1s discrete.

Another type of temporal BYY system can be obtained by
considering an instantaneous Ying-Yang pair

p(yelve)p(xe),  q(we,ye) = q(@elye)a(ye)

3D
subject to the satisfaction of the following temporal dependence:

a(ye) = / A(yelor)g(we)dor.

We call such a case the temporal BYY instantaneous system
(shortly TBYY ¢-system).
Similar to (25) and (27), we have H(p||q) =

Ht = /p(Yt|$t)G (xt|ft7hil)

x Infg(z4|y:)q(ye)n(dee) p(dye)

p(xt7Yt) =

(32)

1, Hy with

— Z{M, subject to (32). (33)
Also, similar to (28) and (30) we further have
p(yelze) =6(ye — ¥
Yo = max[q(ze|y:)q(ye)]
Hy = In[q(z+]y+)a(¥+)] — Z4(t)
+ 0.5h2Tr[rq (T8
subject to (32). (34)

The temporal BYY harmony learning by (33) is conceptu-
ally different from that by (25). Strictly speaking, the temporal
BYY harmony learning by (25) considers a best harmony of two
representations of the joint distribution of two entire temporal
processes, including all the temporal dependence in consider-
ation. Thus, a TBYY p-system should be conceptually better
than a TBYY :-system by (33) that bases only on an instanta-
neous Ying-Yang pair by (31). However, after the first-order ap-
proximation by (26), a TBYY p-system by (27) actually already
degraded into an instantaneous implementation that is actually
inferior to that by (33) since the information carried from ¢ — 1
to ¢ is merely via a point estimate w; in (27) but via an integral
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of (32) in (33). This can also be observed by approximating the
integral of (32) using the first-order approximation by (26), re-
sulting in

q(ye) = /q(ytlﬁt)q(wt)dwt = q(y|@y). (35)
In implementation, the maximization of H(pl||q) can be made
recursively at each time ¢ to increase Zi,zl Hy: in a certain
extent by updating all the parameters to learn, which is imple-
mentable since the past information carried by either w; or the
integral of (32) is already available. Instead of directly maxi-
mizing H(p||q), alternatively we can conduct learning in two
stages similar to what discussed around (7). That is, at Stage
I, parameter learning is made by the ML learning or equiva-
lently by (9) when the BYY system has a B-architecture. Then,
at Stage II model selection is implemented by (7) with the cri-
teria derived from J(k) = —H (b, k).

Specifically, by considering special cases of the inner repre-
sentation in (24), the maximization of H (p||¢) will lead us to not
only the well known Hidden Markov model (HMM) and various
extensions in Section III but also variants and extensions of the
well known Kalman filter related linear state space models in
Section IV, with adaptive algorithms developed in help of typ-
ical updating rules in Table I and with model selection made
either during the implementation of the algorithms or via spe-
cific criteria derived from J(k) = — H (0, k).

As discussed in [30] and [33], two specific settings of Z, will
result in two types of regularization. One is called normalization
that causes a new conscience de-learning mechanism similar to
that of the rival penalized competitive learning (RPCL) [41].
The other is called data smoothing that causes a Tikinov-like
regularization [23] with h2 acting a role similar to the hyper-
parameter but being estimated in an easy implementing way. For
simplicity and clarify, the roles of Z, and h, are ignored in the
subsequent two sections by simply letting 7 ,’1’ = 01n (18) while
keeping Z;° for cancelling out its counterpart infinite term that
comes from the Ist part of H(p||q). Without the role of Z, the
maximization of H (p||q) will lead h, = 0 automatically. Thus,
we can also simply setting h, = 0 in Sections III and IV.

III. HMM AND STATE SELECTION
A. Hidden Markov Models and State Selection Criteria

We start at the simplest special case of (24) as follows:

q(yilw:) =¢q (ﬂtlf”) = q(l]li-1)

k

Z Qgy 15 Zt_j)
Zaet—lj =1
j=1

that is, the inner representation is simply discrete value
¢ = 1,...k that indicates k states and ay, ,; represents the
transfer probability from the state ¢, ; to the state j. The
process {£;}_, is simply a 1st Markov chain that is hidded
behind the process {z;}Z_, and, thus, is called hidden Markov
model (HMM).

(36)

Qp,_qj >0
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TABLE 1
TYPICAL ADAPTIVE UPDATING RULES
(a) Adaptively increasing nIn G(zy|Ary; +ar, £1) — B*Tr[S} ]
enr = — A(It)yt - a(lt), a(,Hl) = a(,t) + e, 1, A(IHI) = A(,” + eyl
(t+) _ (1= +nr2r + ere ), ifn >0,
I S§t+1)5§t+l) T S§t+1) _ S}t) +7702,5§t), ifn < 0.
Gy, =2 (W + el sl - x0T
(b) Adaptively increasing [ln G(yﬁj)\bijt({)l +prjs M) = hgj)\,_f]
E(t:&l) —E('.“)
j 1), (G t ) _ 3 7(t) 2 n_ev —e’s
cor = = uls -l B =0 el (1= ), o = e,
(t4+1) 2 N0 ot
WD 0 ) N2 = (=) 24 fe) 242, it >0,
o DA =00 4lel) 4 h2 - AP, i g <o,

() Adaptively increasing nfln G(y” |ur;, b2,72 + A2 ) = b (0373 + A3) 71

1375 1375
el =yt =), B =B 4 B0 (-8 2l P+ 2 - 0002 - A,
’ 7(t+1) _pittD)
t41) € —e 'l (t41) (t (4) _(t+1) 2 (t+1)_(t)\2 (®)
by =W iy = g ey, w D = A0 4 )
1)_(t .
= (U= P +nled) * + 02— 0 V)R, ifn >0,

§(E41) 2
1,
Ui S ot ol n

In the classic form of HMM, z; is a discrete variable from

Zb&g T _J)

which is called the emitting matrix that describes the probability
of emitting the label j at the state ¢;. This classic HMM model
has been widely studied and extensively applied in the literature
of speech processing and recognition for over 30 years [17] and
also in the literature of bio-informatics in the recent years [5].
The learning is usually made on ¢ ({z;}7{_,) under the max-
imum likelihood principle, and implemented by the well known
Baum-Welch or EM algorithm [17].
The classic HMM model has also been extended into the fol-
lowing variants:
a) Gaussian HMM Instead of a label, x; emitted from the
state j is a real variable or a real vector from a Gaussian
density

q(2e]ye) = q(we]ls) = (37)

G(xt|pe, , 3¢,)- (38)

At time ¢, we have q(z¢|li—1) = Z?=1 G(ze|pj, 2j)
oy, . is a temporal Gaussian mixture with its mixing
proportions cy, ,; varying as t.

b) Gaussian Mixture HMM z; emitted from the state j is
a non-Gaussian real random variable via an inner repre-
sentation with not only a temporal label /; but also a non-
temporal label z; as follows:

q(yilwe) = q(ze|€)q(e] 1)
q(£:]€:—1)is given by (36)

m,gt
E Be,i6(z — i)

($t|Yt) = Q(xtwt; Zt) =

q(z4ye) = q(xe]ly) =

Zf|£f

(xt“'l’lizt? Eetzt)' (39)
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In this case, we have that q(z¢|¢;) S By
G(x¢|phe,4, Xe,:) 1s a Gaussian mixture for z; emitted
from the state j. Thus, g(z¢|li—1) = Zle q(z|ly =
J)ag, ,; is a temporal non-Gaussian mixture.

¢) Independent HMM The inner representation consists of
m independent channels with each zfj ) taking discrete
values 7 = 1,...,k; at each ¢, and z; is emitted from
z¢ 1n a linear model as follows:

Hq( () |Z )
1 (")
j=1
q ( J)|Z(J) _ r) _ iﬁg)é (Zt(J) _ z)
i=1

G(xt|Azt 4+ 1, X) (40)

q(yilwe) =

a(ze|ye) = q(ze]2e) =

where ¢ (z(()j )) can be initialized equally taking one of

., k;. This is an extension of the so-called binary inde-

pendent factor analysis [28], [32], [36] with not only the

first-order Markovian temporal relation among z1, . . . , z¢

taken in consideration but also every k; = 2 extended to
any other values.

d) Multi-independent HMM The above independent HMM

can be further extended to multiple ones of a same pa-

rameterization structure with each located at a different

1 and in a different specification of parameters:

me . .
a(yilwn) =a@ilter) [T a (7152, 1)
j=1

H q ( |50)

(£t|£t_1) is given by (36)
kj

0 () = ) = ; 6 (29 =)

q($t|§’t) ZQ($t|2t7£t)
= G(J}t|Atht + Hey s E[t)

Z0|€0

(41)

where ¢ (z(()] )|£0) is initialized equally taking one of
1...,k;.

Similar to the classic HMM, Gaussian HMM and Gaussian
mixture HMM have also been widely studied with parameters
estimated under the maximum likelihood principle by the well
known Baum-Welch algorithm or the temporal EM algorithm
[17]. Moreover, similar implementation algorithms can also be
developed on the independent HMM and multi-independent
HMM.

One key problem is how to decide the scales of the state
spaces (i.e., the numbers k, k;, m). Different values of these
numbers correspond to a family of different specific HMM
models that share a same system configuration but in different
scales of representation ability. The task of deciding them is,
thus, called model selection. It is well known that maximum
likelihood principle is usually weak on making model selection,
especially on a small size of training samples. As introduced in
Section II, the BY'Y harmony learning provides a new learning
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mechanism that makes model selection implemented either
automatically during an adaptive learning or subsequently after
learning via a new class of model selection criteria derived
from this mechanism.

In sequel, we further derive the model selection criteria
on the above discussed HMM and variants from (7) with
J(k) = —H(fx, k). Similar to the derivation process in [30],
[31], we can get the following criteria for the classic HMM and
the Gaussian HMM:

J(k)=T. (k) + Jo(k

)
k n
Z ilnby @z =1,...,n
To(k)= [:,i =
0.5 Z agln |2 (b) ; from Gaussian at each ¢
k&
g Y agilnag; (a) TBYY p-system
Jek)={ 7 7 (42)
> arlnag (b) TBYY i-systemm
=1

where « is the probability that the state £ has been visited, and
«gj is the transfer probability from the state £ to the state j. Both
types of the parameters as well as bg; or ¥, are obtained via
a parameter learning process. The part Jy(k) has two choices
that correspond to a TBYY p-system and a TBYY ¢-system,
respectively.

Being further extended to a Gaussian mixture HMM, we can
select both k£ and m, by

J(kAme}) = Ja(k, {me}) + J= (K, {me})
), Je(k)asin (42)

me
(677 Z ﬂgj In |Egj|

4

Jo(k

k

To(k, {me}) =05
=1

=1
k my

J.(k) = — Z o Z BejIn Be;. (43)
=1 j=1

Moreover, for an independent HMM we can decide the number
m of independent channels in help of

J(m)=I(m )+J( ), Ju(m)=0.5In|3
)Zﬂg lnﬁ’ﬁ{) (a) TBYY p-system

) (b) TBYY i-system.

(44)

In each channel j 7r(] ) is the probability that the state r has
been visited, and (3, () is the transfer probability from the state
7 to the state 3. Bemg further extended to a multi-independent
HMM, we have (45), shown at the bottom of the next page.

Historically, the use of (7) for selecting m on the classic
HMM was firstly suggested in [37] and then in [34] but in a cum-
bersome form. Also, selecting m on the independent HMM was
firstly suggested in [35] via a direct use of (7) without any sim-
plification. Then, a simplified form .J(m) = 0.5In |X|+ J.(m)
was obtained in [32] but still with a tedious second term .J, (m).
In contrast, the criteria proposed above are not only compact
in their representation but also much simple to be computed
accurately.
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B. Recursive Harmony Learning and Automatic State Selection

Instead of the above two stage implementation, state selec-
tion can also be made automatically during inTlplementing the
parameter learning by (6) with H(pl||q) = )_,_, H; given ei-
ther by (34) onaTBYY :-system or by (30) and (28) ona TBYY
p-system.

Recursively from ¢t —1 to ¢, parameters are updated to increase
H, with extra states discarded due to the mechanism discussed
in Section II-B. In the following, the detailed algorithms are de-
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these algorithms, parameters are updated in an iterative format
9+ = 9(t) 4 1,66, where 66 is either a gradient direction
VgH; or a direction that has a positive projection on Vg H,,
and 70 > 0 is a learning step size. For convenience, the same
notation 7ng is used everywhere. However, it should be under-
stood that it may take different values for updating different
parameters.

a) Classic HMM and Gaussian HMM: shown in (46), at

the bottom of the page.
b) Gaussian Mixture HMM: shown in (47), at the bottom

veloped for the HMM models discussed in Section III-A. By of the page.
J(kAme}) = Jo(k, {me}) + Jo(k, {me})
+ Jo(k), Ji(k) asin (42)
k
To(k, {me}) =05 arln ||
(=1
k my kje o kje .
S S 3wy g9 m %) (a) TBYY p-system
To(k Ame}) = = ¢ 0 2 UCE T (43)
S ay 7 In 7l (b) TBYY i-system.
=1 j=1r=1
- ) _ [ ag,_,¢ (2) TBYY p-system
(a) 4= m?x[q(xtw)m] with 71, = { ol 1, (b) TBYY i-system
0 _ (-1 S amD) g0 _ Lo
7, = Cja, + Mo (5M — bj?t ) , ij,, = %o ifz; =7
(b) Z e il¢
j=1
update ju¢, X¢ by Tab.1(a) with I = £, A = 0 and n = noby,,,  if x4 from G(z¢|pe, , Xe,).
1, (a) TBYY p-system
(C) fzst) ‘ — fzgt_lf) + nofh (Szie — a%t_lz) ﬁt — - zf,—l (b) TBYY ,L'_System
t—1 t—1 t—1 Za%til)agtfl)
® _ ¢ (t) _ (t) (t-1)
Yt T Tm om0 e T Z%’ Q-
> ettt j=1
j=1
(d) if my keeps to be small such that it can be regarded as zero, we discard the state
¢ as well as all the relevant parameters, and let k = &k — 1. (46)

@ (b, i) = H}E;.X[G(xtle, ¢0j)Bejmi], e as in (a) of (46).
(b) update jz;, X¢;by Tab.1(a) with I = (¢,5), A; =0andn = oz,

("
t (t) et

(©) update af , asin(c)of 46) b =" 44 (%- — /3§fj11]?)7 B = e

t]

Z e fti
j=1

(d) same as (d) in (46)

(e) if [B¢; keeps to be small such that it can be regarded as zero, we discard the sub-state

z+ = junder the state £ as well as all the relevant parameters, let my = my — 1. @7
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c) Independent HMM and Multi-Independent HMM:
shown in (48), at the bottom of the page. In the particular
case that £ = 1 and, thus, 7, = 1, we can drop oy, _,¢ and
all the subscripts of £. In this case, the above algorithm
with every k; = 2 becomes an extension of the adaptive
harmony learning algorithm for the independent HMM
given by Table III and [32, p. 839].

For the reason discussed in Section II-B, those extra states
will be driven out of the TBYY system in a sense that they
act their roles with probability zero. In other words, appropriate
states are selected automatically with the extra states becoming
out of functions. In a view of computational efficiency, keeping
the extra states in the system will waste many computing costs.
We can further remove the extra states by detecting and, thus,
discarding them during learning by step (d) and step (e) in these
algorithms.

IV. TFA, IDENTIFIABLE STATE SPACES, AND SPACE DIMENSION
A. From Kalman Filter to TFA
We further consider the cases of real variables included in the
inner representation. One special case is
q(ytlwe) = q(ye|yi—1) = G(y¢|Bys—1, A), or
yr = Byr_1 + €¢ with G(£4|0, A) and
Ey,_1el =0. (49)

That is, the inner representation is a multi-channel autoregres-
sive (AR) model that is guaranteed to be stable when

IBIl <1, |IBIl = A\gax (50)

where \B

max 18 the positive root of the largest eigen-value of
BBT.
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From this inner representation, an observation z; is generated
via the following linear state space:

a(we|lyr) = G(2i|Aye, X), or
= Ay; + e¢, with G(e;]0, %) and
Eyel =0, Eewel = 0. (51)

In the literature of control theory, the model by (49) and (51)
has actually been widely studied for decades since the early six-
ties [14], by which the parametric matrices A, B as well as the
variances of Gaussian e;, €; have to be known, the task is to es-
timate 7J; upon observing x; and then get &:; = Ay, as the result
after filtering out the noise in x;. The optimal solution is given
by the well know Kalman filter. As shown in [6], the estimate
y; given by the Kalman filter is equivalent to

Ut :E[yt|$t] = / ytp(yt|33t)dyt

q(x+y:)q(ys)
f‘l Telye)q(ye)dy:’

st gye) = / a(ele—1) a1 )dger.

Alternatively, it can be observed in [32] that min,,,, .,y KL by
(9) also results in the above p(y:|z:). Moreover, we have the
following equivalence:

(yt|$t)

(52)

~

Elyla:] = 9 (53)

= max[q(z:[ye)q(y)]-
That is, in this case both the learning by maximizing H (p||q)
and the learning by minimizing K L(p||q) is equivalent to the
well known Kalman filter on estimating y;. Moreover, a criterion
has been derived from H (p||¢) for determining an appropriate
m as the dimension of the state space [27].

@) (z,4) = arg mag( G(x|Avze + e, Xo) e H T (J) with 7, as in (a) of (46)

n= 7705@[ and z; as y;
(a)TBYY p-system
a=1)
fers (b) TBYY i-system

)

ﬂ(])(i 1) (J)(ifl)
i (] - 42)

J)(t n

7j=1
0 227 r= zij )1 (a) TBYY p-system
J
T =
b Z BDD (b)) TBYY i-system
(b) update g, A[, 3¢ by Tab.1(a) with I = ¢,
1,
(c) update a( ") " easin(c)of (46) N =4 T,
> fori
r=1
i, =z"at £=10, b = bgjj,g“l
b
G _ e ()(@) -
Bimi = FIRrOIOE il Z@frq
ltyri

j=1
(d) same as (d) in (46)

(e) if WEJ ) keeps to to be small such that it can be regarded as zero, we discard the state

Zt(J)

kjo=1and 7)) =1, we delete 2"’

as well as all the related parameters, let m,

= ¢ at £ as well as all the related parameters, and let k;; = k;¢ — 1. Moreover, if both

=me — 1. (48)
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The above equivalence occurs under the assumption that the
matrices A, B, A, X are known, as requested in the literature
of the Kalman filter studies. However, this is too restrictive in
many temporal modeling problems where it is difficult to know
A, B in advance. In the rest of this section, we will show how
this restrictive assumption can be considerably relaxed. Maxi-
mizing H (p||q) not only goes beyond the Kalman filter but also
provides a new model selection mechanism that is not possessed
by minimizing K L(p||q).

Knowing only {xz;}, the problem of estimating all the un-
knowns v, A, B, as well as X2 and A suffer intrinsic indetermi-
nacy. The indeterminacy can be observed from the perspective
of making a linear mapping y; = ¢y;, with a general matrix
¢. It follows from (49) and (51) that we get the same form
xy = A'y, + ey, yp = B'y,_, + €, with

A'=A¢ Y, B =¢Bo L, €} = ey (54)
and €} remains to be a Gaussian in the form of ¢, as in (49). That
is, y; in model is not identifiable. Of course, we expect that y,
is identifiable.

For this purpose, we need to specify the meaning that y; is
identifiable. Using the notation D for the family of all the di-
agonal matrices and P for the family of all the permutation
matrices, we observe that
¢=I11D, DeD, 1P

yr = by, (55)

will keep an one-to-one correspondence between the m series
T 2T
{ygj) } ,j = 1,...,m and the m series {yt(b)} Ji o=
t=1 t=1
1,...,m. Thatis, for each series, {yt(i)

@)

T

} there must be one
t=1

T

{yt } such that both the series have

and only one series

a same waveform with differte_nlces only in a constant scale and
a permutation (i.e., an order change ¢ # 7). The differences
are ignorable in many applications and, thus, y; is usually said
to be identifiable if we are able to specify y; via y; in a sense
of (55). Also, we say that g is identifiable in a strong sense if
D =1 (i.e., there is no scale indeterminacy) or in a weak sense
ifD e Dbut D # I.

Restricting A or B to be known and unchanged (i.e., A’ = A
or B’ = B), the only choice is ¢ = I and, thus, v, is identifiable
in a strong sense. That is, there is no identifiable problem in the
Kalman filter studies. Releasing all the restrictions, it follows
from (54) that v, is not identifiable. Between the two extremes,
we can require that y; becomes identifiable as one or more of
A’, B’ and ¢} retain certain invariant nature of the counterpart
from A, B and &;.

Getting two more notations

Onm ={U € Opm : Ulisan xm
matrix and UUT = T}
D* ={D € D : all diagonal elements of

D are different} (56)

we make further discussions as follows:
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e Requiring A’ € Opny A € Oppn, we are lead to ¢p € O,
i.e., y; are not identifiable due to an arbitrary unknown
rotation ¢. Requiring A’ € D, A € D, we are lead to ¢ €
D, i.e., y; becomes identifiable in a weak sense. However,
restricted in A € D, z; = Ay + e; has a very limited
regression ability.

* Similarly requiring B’ € Opm, B € O, leads to ¢ €
O while requiring B’ € D*, B € D*, we are lead to ¢
that satisfies (55).

* Requiring both ¢} and &, remain to be independent among
their components, i.e., G (¢;|0,A’) and G(&4|0,A) with
both A’ € D and A € D, we are lead to ) = DUA"5,
UeO,,adD e D.

We can observe that B takes an important role. For the de-
generated case B = 0, xy = Ay + e, yp = &¢ is actually the
classical factor analysis that has been widely studied in the liter-
ature of statistics for several decades [2], for which we have to
suffer the indeterminacy of an arbitrary unknown rotation. The
rotation can be removed by requiring B € D*. It further fol-
lows from y; = By;_1 + &; that only the diagonal part of A is
actually usweful. Thus, we see the state space model by (49) and
(51) has been restricted into

(I(Yt|wt) =q t|yt—1)

(y
16 (51w X2)
j=1
together with g(z¢|y:) = G(2¢| Ay, X)

(57)

where it follows from (50) that we have |b;| < 1, which is
always satisfied by letting
e’ — e

7bm,]-,
C =diag[cy, ..., cm]-

b =
(58)

If yo is initialized to be independent among its components,
e.g., G(10[0, ), we have m mutually independent AR series
{yr(,J)}?zl,j = 1,...,m. As firstly proposed in [32], [34] we,
thus, call (57) temporal factor analysis (TFA) since it extends
the classic factor analysis with temporal dependence encoded
by B # 0. Being different from those Kalman filter studies, A,
B as well as X in (57) are unknowns to be learned.

However, the indeterminacy of an arbitrary unknown rotation
cannot be completely removed fora B € D but B ¢ D*. E.g.,
when B = bI, we have B’ = ¢B¢ ! = bl for any ¢ € O,,11n,.
When B # I but having m’ same diagonal elements, ¢ also
does not satisfy (55) but contain an arbitrary unknown rotation
in the corresponding m’ dimensional subspace. This case is not
difficult to understand, the duplications of m’ diagonal elements
in B means that this m’ dimensional temporal link actually can
be replaced by a one-dimensional link and, thus, this part de-
generated back to am’ — 1 dimensional classic factor analysis.

Though y; becomes identifiable in a weak sense is already
enough in many practical applications, the scale indeterminacy
Yy = Qyi, ¢ € D leads to the indeterminacy of the parameters A
and A, which makes parameter learning on A and A difficult to


lxu
Pencil
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TABLE 1I
A GENERAL ADAPTIVE LEARNING ALGORITHM

(a) (s, Zt, 1) = arg max L(yy, z;,£) with
Yt,2¢,€

me
L(ys, 21, €) = Glwe) Aeye + e, Soyme [ ] e Iy, 0,218,500,

j=1
(a) TBYY p-system,

= azt_llv
¢ (b) TBYY i-system;

t—1
@y,

a6, 2

() (4) 2
) = G(yi j) Prjagrviza + “ejzi””\ejzi”)’
J 2 2 .
G(y; \uejzt(]),béjzij)ﬂljziﬂ + )\ijgj)), (b) TBYY i-system.

(a) TBYY p-system,

(b) update Ay, pe, S¢, by Tab.1(a) with I = £, = 190z,

(t=1) 5 (t-1)

@) 0 ,=

) PN Q) ) k
— £y_q¢ £y_12 —
oy =€t / E et =300 oyl
Jj=1

2o a0 Tz — g 5)y = T
E Q=1 (t=1)

1, (a) TBYY p-system,

at™?!
fe1 (b) TBYY i-system;

J=1%8,5 J

(t=1)
3 .

m
®  _ -1 Sos() a1y a0 _ ey ErES
(c2) iz = gy +77077t(5257>i ﬂztjzt(j)L ﬁgtjzij) =e /Z;e e
=
(c3)  with hy; = 0,03, = 1,1 = (i), n = 103, [T} 52;1,,
date b 32 forall £.7 and i > 2 b {Tab.l(b), (a) TBYY p-system,
update bgji, peji, Ay, for all £,j and 7 > )
P e7ir begis A J Y Tab.1(c), (b) TBYY i-system.
(d) if mp keeps to be small such that it can be regarded as zero, we discard the state
£ as well as all the relevant parameters, and let k =k — 1.
e if BSY) keeps to to be small such that it can be regarded as zero, we discard the
(e) if Byj; keep g )

state zt(j) =1 at £ as well as all the related parameters, and let kjo = kjo — 1. Moreover, if both

kje =1 and 5(t.). =1, we delete z,gj) as well as all the related parameters, let mp = my — 1.

(453
Remarks

(1) When k =1,kj, =1, £ and zt@) take only one value 1, and all the appearances of 7, a, § and

their updating equations can be dropped. It is simplified into an adaptive TFA algorithm.

(2) When kj, =1, all zgj ) take only one value 1, and all the appearances of § and their updating

equations can be dropped. It is simplified into an adaptive HMM-TFA algorithm.

3) When k£ = 1, ¢ takes only one value 1, and all the appearances of 7, « and their updating

equations can be dropped. It is simplified into an adaptive TNFA algorithm.
4) In general, it is an adaptive HMM-TNFA algorithm.

implement. This scale indeterminacy can be removed via fixing
the scale of A. That is, in (57) we simply set

=1,

2 (59)

j=1,...,mor A=1.

A direct consequence of (59) is that the space dimension m
is, thus, fixed and the automatic selection ability as discussed
in Section II-B is lost. To select an appropriate m, we need to
enumerate a number values of m and make parameter learning
by the TFA algorithm given in Table II(a) at every value of m.
Then, we select m by (60), shown at the bottom of the page,
where 1 — b7 comes from var (yt(])) = bjvar (yt(]_)l) +1and

var (ygj )) = var (yt@l) as t — oo, with var|[u] denoting the

variance of u.

B. HMM Gated TFA, HMM Gated TNFA, and Coupled State
Spaces

The above TFA can be further extended along three direc-
tions. One is considering typical special cases of (10) and (24),
which leads us to the following models:

a) HMM gated TFA A number of different TFA models
work collaboratively with the engagement of each TFA
gated by a hidden Markov chain. That is, we have

G(Yt|wt) = Q(’yt|wt;ft)qwt|€t—1)
q(yelwe, £r) = H G (ygj)|b[tjy§];)l + Beg )‘%tj)
=1

q(£¢|¢:—1) is given by (36)
q(ze|ye) = q(zelye, br) = G(ze]| Ar,ye + pre,, Xe,). (61)

min J(m), J(m) = Jp(m) + J,(m),

Jy(m) =0.5m[1l + In (27)] +

Je(m) =0.51n|X|
0, (a) TBYY p-system
—0.5 3 In (1 —b2) (b) TBYY i-system. (60)

i=1
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We have q(welli—1) = Y05y q(@elle, b1)q(lelli—1)
which can be regarded as an extension of the Gaussian
HMM by (38). The role of each TFA is gated by
q(£¢|¢;—1) that varies as ¢. Particularly, when q(¢¢|¢¢—1)
degenerates to ¢(¢;) without temporal relation, we are
lead to a mixture of k different TFA models at different
locations, which is, thus, called local TFA [27], [32].

b) Temporal Non-Gaussian Factor Analysis (TNFA)
For a TFA, we have m mutually independent channels
{y }t_l, j = 1,...,m with each being an AR series.
The limitation of an AR series can be further extended
by the following inner representation space:

m

a(elwn) :II (4162020 a ()
ﬁjﬂs ( 7")

( (J)|b (7)yt 1+:LI’]'ZE.7)7)\§Z§J')>

?r'

q (yt(j) |yt(];)1 ' )

q(@e]y+) = q(ze|ys) =
We have

kj
q(yﬁj)lyt(f)l) = ByG ( by, +ujr-,/\?r)
r=1

that is a mixture of AR series. In the special case that
every k; is 1, (62) returns to a TFA. Also, ignoring
temporal relation by simply setting every b;, = 0, (62)
returned to the so-called non-Gaussian factor analysis
(NFA) that extends the classic factor analysis with
decorrelated Gaussian factors replaced by independent
non-Gaussian real factors [27], [30], [32].

¢) HMM gated TNFA Similar to (61) we can let a number of
different TNFA models work collaboratively as follows:

q(yilwe) = q(lelle—1)q(ye, zelwe, £e)
Ut zi|we, Q&5 Le)

q(
H (Jt(j) i b, Zt(j))

X q (ztj)wt)

q(£¢]€:—1)is given by (36)
Kt, ) = G (yfj)|b[tjzg.7)yt(];)1
2
+M€tj2§j) ’ )\thzgj))
. kj[ .
q (Zt(])wt) = Berd (Ztm - 7“)
r=1

q(ze|ye) = q(welye, £r)
= G($t|Ali Yt + ey s Eft)

( (J)|y

(63)

which can be regarded as an extension of the Gaussian
mixture HMM by (47) with a Gaussian mixture for x,
replaced by a TNFA process.

d) Other Extensions There are also several other useful
extensions. For an example, both the above TNFA and
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HMM gated TNFA can be further extended by consid-
ering

Q($t|yt) :(I(xt|yt7£t,2‘t)
= G(xt|A[tztyt + e,z E&zt)-

Shown in Table Il is a general adaptive learning algorithm that
implements parameter learning for a HMM gated TNFA directly
and for TFA, HMM gated TFA, and TNFA as special cases (see
Table II(a)—(c)), respectively, derived from maximizing H (p||q)
with H, either by (34) on a TBYY :¢-system or by (30) and (28)
ona TBYY p-system. Similar to (59) for removing the scale in-
determinacy in a TFA, we set )\ =1,V ¢, 7 for a HMM gated
TFA and set )\3 .1 = linTable II(C) for a HMM gated TNFA (in-
cluding TNFA as a special case). The reason of setting \? =1
only at7 = 1 for a HMM gated TNFA is that the scale 1ndeterm1—
nacy of 4/) will affect the variances of ¢ (yt(] Nyl 2D =
r =1,...,k; by only a same unknown scale and, thus, is able
to normalize only one of these variances to 1.

Similar to step (d) an step (e) of the algorithms in Sec-
tion III-B, it follows from the model selection mechanism
explained in Section II-B that all the extra states indexed by £
and zt< Ny 7 will be discarded by Table II(d) and (e) during
learning. In an extreme case, it leadsto k = 1, k; = 1,V j.
However, there is at least one dimension that is not able to be
removed due to the setting of ,\gﬂ = 1. Similar to (60), we
need to make parameter learning via enumerating a number
values of m or/and my, and select them by max,, {m,} J via
(65), shown at the bottom of the next page.

The criteria can also be used on selecting k, k;, k;, together
with m, m, after making parameter learning either under
the maximum likelihood principle or still via the algorithm
3 = 1/k;, and

(64)

of Table II but simply setting oy = 1/k, [
Bejr = 1/kje.

Another direction to extend TFA is considering an alternative
parameterization for z; = Ay; + e;. Instead of fixing (59), the
scale indeterminacy can also be removed via fixing the scale of
A via imposing A € O,,,,,. However, doing so directly on the
model by (57) will narrow down the representation ability of
xy = Ay + e;. Instead of (57) that imposes strong constraints
B € D* and A = I but no constraint on A, we can impose the
constraint A € O,,,,, while relax the constraints on B and A as
follows:

yr =Byi_1+e&, B=DWD™!
w=w?* DeD*
q(zely) = G2 Ay, ), A€ Opm
q(yilwe) = q(yelyr—1)
=G(e|0,A), A is positive definite  (66)

where B is no longer diagonal and, thus, 7 channels {yt(] ) } R

j = 1,...,m are no longer mutually independent. So, we c_all
this model a coupled state space.

For a mapping y; = ¢y;, requiring A € O,,, means that
it is only possible for ¢ € O,,,,, and then requiring p BpT =
dDW D~1¢T to keep the format of B in (66) further makes
¢ become a permutation matrix. In other words, y; becomes
identifiable in a weak sense. However, the indeterminacy of an
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arbitrary unknown rotation cannot be completely removed for a
D € Dbut D ¢ D*, e.g., when B = bI, we have pB¢pT =
DW'D' Y, D' =1, W = ¢We¢T, W = W'T for any ¢ €
Opum- Also, ¢ may contain an arbitrary unknown rotation in
the corresponding m’ dimensional subspace when D # I but
having m’ same diagonal elements.

In fact, the model by (57) is equivalent to a special case of
(66). We consider a general matrix A in the following singular
value decomposition:

A=UDVT, U€Oum, VEOmm
D =diag[ds, ..., dnx]. (67)
Considering a linear mapping
w! = ¢y, ¢=DV" (68)

it follows from (54) that A’ = U, ¢, = DV7T¢,; and, thus,
E[ejel] = DVTE [e,ef| VD = A'. That is, (57) becomes
equivalent to

N =E (e,e]') = DVTAVD
W =VTBV, W' =w"
A" € Onm

yr = B'y,_1 + e,
B'=DW’'D™!,

ze = Ay, + et (69)

which is actually a special case of (66) in which A and B are
bundled via D and V.

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 15, NO. 5, SEPTEMBER 2004

Being different from the case of (57), maximizing
In G(£¢]0,A) in (66) will push the variance of eﬁj ) toward
zero if the dimension 7,’ ) is extra. This can be observed
more clearly by considering A = diag [A?,...,\2,] where
we have 337 InG (egj)|07 A?) If A% is pushed to zero due

to maxInG (ggj )0, )\?), the autoregressive process of the
dimension yt(j ) will decade quickly and soon go out of function
to the whole system. In other words, model selection on m will
happen automatically during parameter learning. Moreover, we
can save computing resources by simply discarding yt(J ), yt(i )1,
EEJ ), eliminating the jth column of A, and also eliminating the
corresponding column and row of A and B.

Similar to Table II, adaptive learning algorithm can also be
directly derived from maximizing H (p||q) with H; by (34) on a
TBYY :-system or by (30) and (28) on a TBYY p-system. The
key difference is that we should now consider the constraints on

A and B, which can be made by considering (68) and
g (yelyioy, € 2e) = Wa(yelye—1, €, 2¢) — | Dy

my
a(elye—1, 6, 20) = [[ ¢ (y§])|yt(]_)17£7 25])) :
j=1

Then, learning can be implemented in help of Table II via with
the following modifications and supplements: shown in (70) at

J=Jo+ Jy + Jy + J., J;is same as in (42)

0, HMM gated TFA
m k
> 2 BirInBjr, TNFA
J, = —< j=1r=1
k my ko
> g Bejr In Bejr  HMM gated TNFA.
=1 j=1r=1
In |%| TFA and TNFA
J,=05¢ &

J
Jy, =0.5[1 + In (2m)]m + { g1
Yy

m TNFA

> arln|¥,] HMM gated TFA and HMM gated TNFA.
=1

(a) TBYY p-system
(b) TBYY :-system

_ k
where m = { > aymy HMM gated TFA and HMM gated TNFA.
=1

0 HMM gated TFA
m kj
BirIn A2, TNFA
JP = —-0.5 ]E:IT‘IZ ! J
Yy
k my kje
S oy Bejr 1022, HMM gated TNFA.
=1 j=1r=2
( k my
>y n(1-1%) HMM gated TFA
=1 j=1
m kj
J =05 21 1ﬁjr In (1 -03,) TNFA (65)
j=lr=
k my Kje
S a Buje In (1 - b,?].r) HMM gated TNFA.

1

,
o~
Il
-

<.
Il
-
3
Il
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the bottom of the page. We can get O4, and Oy, in help of
two approaches. One is presented by [30, Eq. (80), (81)] and
the other is given in [10]. The details are similar to that made in
the nontemporal cases in [26].

The third direction to extend TFA is considering another type
of coupled state space as follows:

q(yilwt) = q(yt|we, £1)q(Le|lr—1)
q(yelwe, £e) = G (ye| Be,we + v1,, A7)
q(¢¢|€s—1) is given by (36)
Q($t|§’t) = Q($t|yt,£t)

=G (ze| A ye + e, 07,) (71)

with both A, and B, having no constraint but requiring samples
being known in each pair Z;, ¢;. From knowing 7;_; we can
predict g; and Z; by

Uy = E(yt|yt71)

k
Z p(le|e—1)(Be,w: + v,)

t:1
7w, G (yt|B£twt + Vlw)‘z)

~

p(£t|gt*1) = k
Z Wth (yt|B¢iwt + I/[H/\Z)
b=
k
& = E(wdye-1) = Y p(lalge-1)(Cows +cr,)
(=1
Cli = Aét Bit Ce, = A[t Ve, + fie, (72)

which can be regarded as an extension of the so-called normal-
ized extended RBF net [30], [33], [39], with temporal relation
considered via a number of multi-channel AR processes gated
by a HMM process.
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Learning can be implemented by a simplified version of
Table II as shown in (73), at the bottom of the page.

V. EXPERIMENTAL DEMONSTRATIONS
A. On Classical HMM and Independent HMM

We start at considering a classical HMM. Shown in Fig. 3(a)
is a snapshot of the observation series with nine observed labels,
which are generated from a HMM of four hidden states as shown
in Fig. 3(b) in a comparison with the estimated states. There are
39 error bits out of the 800 estimated bits, i.e., the error rate
is 0.049. Shown in Fig. 3(c) is a J(k) curve by (42) with the
correct state number four found as its minimum.

To illustrate how automatic model selection works, learning
is also implemented by (46). Initially, the number m of states
is set at 5 and 7° = [0.2,0.2,0.2,0.2,0.2] is set equally.
After a learning process with 27 iterative steps, we get
m = [0.11,0.12,0.58,0.15,0.04]. The one of 0.04 can be
regarded as redundant and, thus, is discarded. Hereafter, the
parameters converge to the desired values after 59 iterative
steps.

Furthermore, an independent HMM is considered as shown
in Fig. 4, with a ten-dimensional observation generated from
five independent channels via z; = Az; + e; under a Gaussian
noise from G(e;|0,0.0511¢). Fig. 4(b) shows a comparison of
the original states with the estimated states. There are 33 error
bits out of the 800 estimated bits, i.e., the error rate is 0.041.
Shown in Fig. 4(c) is a J(k) curve by (44), with the correct
number 5 detected as its minimum.

B. On TFA p-System and TFA i-System

We further consider the observations {z;}7_, generated from
xy = Ay + e, y»+ = Byi—1 + & as given in Table Ill(a)
with G(e|0,I3) and G(e4|0,0.0573). What is used as known

(a) Modifying Tab.2(a), we get (i, Z,4:) = arg max [L(ys, z:,£) — In |Dy|]

Yty 2t

(b)

update 10, 2, as in Tab.2(b), then map V 4, In G(Z¢|Ae§r + e, o) = 51 (Tt — Aer — ug)TEl_l

into its projection O 4, on the manifold A7 A, = I, update ALY = A 4+ 710,,.
(c) After implementing Tab.2(c3), map Gv, = Vv, Inq (yi|yi_1. 4. 2) = Vi [y:¢" (ye) + ye—19" (y2—1)]

into its projection Oy, on the manifold V'V, = I, update

V'enew _ ‘/eold 4 nOV[

also get Gp, = Vv, Inq (yily,_1. 4. 2¢) = {Ve [9:0" (ve) + ye—19T (ye—1)] VeDe — I} D;?

update D3V = D4

7 ¢ +nGp, where ¢(y:) =V, Inq(yelye—1), Y (yi—1) = Vy,_, Inq(ye|ye—1).

(d) After Tab.2(d)& 2(e), if dgj ) s pushed to zero ,discarding yt(j ),yt@l, 5§j )

eliminating the j-th column of A, and the corresponding column and row of A and B. (70)
_ _ _ 9 9 ag, e (@) TBYY p-system

(@) f;=arg m{gx [G ($t|A£yt + pe, Ue) G (yt|B£twt + vy, )\z) WZ] Ty = { afl’ (b) TBYY i-system

(b) implement Tab.2(b) and Tab.2(c1) and discard Tab.2(c2)

(c) update By,vg, A? by Tab.1(a) with T =/, = 7705;1/7 also with By, vy, AZ in places of Ay, jue, ¥

(d) implement Tab.3(d). (73)
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Fig. 3.  An illustration on classical HMM. (a) Snapshot of the observation . (b) Snapshot of the original and estimated series of hidden states. (c) J(k) curve

for selecting k.

:

original

Fig. 4.
curve for selecting m.

40 50 60 70 8 0 100 ) ) ) ) ) )
estimated 2 3 4 s 5 7 8 9

(b)

Illustration on independent HMM. (a) Snapshot of the observation ;. (b) Snapshot of the original and estimated series of one hidden channel. (c) J(m)

TABLE III
EXPERIMENTS ON TwO TYPES OF TFA
1.2 0.8 04
A=104 —-11 06 1.0
1.5 05 1.0 State p-TFA i-TFA R, =] 00810 1.0
B = diag[0.5, —0.2,0.6] 1 0.1341  0.0898 0.1874 0.1235 1.0
2 0.1125  0.0647
0.79 0.40 1.21 3 0.1521 0.1158 1.0
A=| -111 062 043 Mean 0.1329  0.0901 R; = | —0.0689 1.0
0.54 1.01 1.51 0.0340  —0.0558 1.0
B = diag[0.24,0.65, 0.54]
(a) (b) (c)

in learning is only {x;}~_, under the independence assump-
tion among components of ;. The estimated A, B on a TFA
p-system are listed in Table III(a) in comparison with the orig-
inal A, B, it can be observed that a quite good identification is
obtained though there is a unsolvable indeterminacy of a per-
mutation 123 — 231.

Shown in Table III(b) and (c) are the performances obtained
on a TFA p-system (shortly p-TFA) and TFA ¢-system (shortly
i-TFA), respectively. Shown in Table III(b) are the mean square
error between the estimated state g)t(j ) and the original state yt(J ) ,
with a snapshot of ¢; and y; shown in Fig. 5. A comparison
of correlation coefficients between g}t(l) and g}t(j ) is also shown
in Table III(c). We can see that I-TFA outperforms P-TFA in a

sense that both the dependence between source components is
reduced and the smaller mean square errors are achieved.

C. On Determining Dimension and Financial Application

We let the observations {z:}~,, N 1000 be gen-
erated from z; Ay + er, By;—1 + e with
B diag[0.12,0.21,—0.15,0.24, —0.13] and A is a full
rank 30 x 5 matrix, where ¢; and e; are distributed with
G(e|0, 1) and G(et|0,Y) respectively, with the diagonal and
off-diagonal elements of the symmetrical > being random
variables from the uniform distributions U(0.1,0.25) and
U(0,0.01), receptively.
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Fig. 5. Snapshots of one factor with the top for p-system and the bottom for i-system. “*”-original and “o”-estimated.
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We perform TFA on both p-system and ¢-system with
m increased from 1 to 10. The obtained .J(m) curve by
(60) is shown in Fig. 6(a), with the correct factor number
5 detected. Also, learning was made by (70). Started from
D = diag[7.44,2.02,1.71,1.70,1.49,1.45,1.29], we get
D = diag[9.23,3.19,1.96,1.54,1.23,0.03,0.00] as learning
tends to converged. That is, the corrected number of 5 factors
has been automatically determined during learning.

As discussed in [32], the TFA has also been applied to finan-
cial arbitrage pricing theory (APT) on stock data that consists of
daily closing prices of 30 Hang Seng Index (HSI) constituents
covering the period from January 1, 1998 to December 31, 1999.
According to two popular approaches, namely MLFA based LR
statistic and eigenvalues analysis, either 11 factors or only one
factor is detected, both of which are far from three or four that
have been normally agreed by the finance community. In con-
trast, the minimum of .J(m) as shown in Fig. 6(b) provides a
reasonable number 4.

VI. CONCLUDING REMARKS

The temporal BY'Y process system and temporal BY'Y instan-
taneous system have been rather systematically investigated for
the Markovian state space based temporal coding, with a new
mechanism that acts via inner representations such that model
selection is made either automatically during adaptive learning
or subsequently after learning via criteria obtained from this
mechanism. Detailed algorithms and criteria have been provided

J(m) curve for selection m with TFA. (a) Simulated data. (b) Financial data.

not only on the discrete state featured HMM and extensions but
also on the continuous state featured TFA, TNFA, and exten-
sions, with via experimental demonstrations.

Referring the last paragraph in Section II-C, two regular-
ization techniques by Z, has been ignored in Sections III
and IV. However, it is not difficult to add on the role of Z,.
The so-called data smoothing regularization can be added by
considering appropriate values of h = h, in Table I for the
cases with p(y|zs, @) = 6(yr — y(x¢)) or both h, hy; in
Table I for the cases with p(y|z;, ;) = G(y|y (), b3, 1),
which acts via being added to the diagonal elements of covari-
ance matrix. Also, the values of h, h,; can be determined as
what made in [30]. A normalization regularization can also be
imposed by considering Z, given by (19). In Sections II-V, the
consequence of ignoring Z, in all the algorithms and especially
in Tables I and II is that a winner-take-all (WTA) competition is
conducted in step (a), which affects the subsequent steps via 6
functions such as 67,, 67, ;, 3;» and ng).)i. The consequence of
reconsidering Z, given by (19) is that these & functions will be
modified such that the WTA competition is replaced by either a
soft-competition via the posteriori probabilities p;(¢) or a rival
penalized competition [41].

Specially, taking the classic HMM, Gaussian HMM, and
Gaussian Mixture HMM, HMM gated TFA as examples, we
consider to replace 5@ ¢ by the following soft-competition,
shown in (74), at the bottom of the next page. With
such replacements, a WTA competition is replaced with a
soft-competition via the posteriori probabilities p:(£). As
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Hidden Markov Model (HMM) and Extensions
Classic HMM | Gaussian HMM Gaussian Mixture HMM Independent HMM | Multi-Independent HMM
(n+k-1k k(k-2)+ nm+n+dim(2) klk—1+nm+n+dim(2)]
(R kdim) | e dim(EOIEL m | X k-1 | XY Gk,
Temporal Factor Analysis (TFA) and Extensions
TFA-p TFA-i HMM gated TFA TNFA HMM gated TFA
nm+m nm+m k[k =1+ n+dim(Z,)] nm+dim(Z) | k[k—1+n+dim(Z))]+
+dim() +dim(2) +(n+3)2:"_lm[ +3Z';'l ; Zl (nm, +m, +4Z””1 )

Fig. 7. Typical examples of mg, where n, m are dimensions of , y, and dim(X) denotes the number of free parameters in .

explained in [30], [33], this soft-competition can remedy
the problem of a WTA competition that makes learning
trapped into a local optimal solution. However, it also loses
the automatic selection ability as discussed in Section II-B.
Instead, model selection should be made via the criteria given
in Section III-A.

Substitutions can also be made with a rival penalized com-
petition such that the RPCL learning [41] and BYY harmony
learning with normalization [30], [33] become in action. E.g.,
we can replace E;t ¢ with the following general format, shown
in (75), at the bottom of the page, where L,; consists of the first
r labels of {1,...,k} that correspond the first k < k largest
values of (). It becomes again equivalent to the RPCL learning
when k£ = 2 [30], [33].

Briefly in [31] and then systematically in [26], BYY
harmony learning has been further justified from an infor-
mation theoretic perspective and a generalized projection
geometry, with comparative discussions on its relations to
and differences from the studies of not only the minimum
message length (MML) [25], Bayesian approach, AIC [3],
the minimum description length (MDL) [18], [19], and the
bit-back based MDL [11], but also the maximum likelihood,
information geometry [1], Helmholtz machines [9] and vari-
ational approximation [20]. Moreover, made in [12], [13] on
both the Gaussian mixture problem and the factor analysis

problem, experiments have shown that the criteria derived
from this BYY harmony mechanism outperforms typical
existing criteria such as AIC [3], CAIC [4], MDL [18],
[19] or equivalently BIC [21]. Though made on data without
considering temporal relation, the key issues of these studies
apply to temporal BYY harmony learning.

When the size N of samples is quite small, model selection
by (7) can be further improved with J(k) replaced by Jg (k)
in (8), in which m. sy is an effective number of free parameters
in the BYY system. In a crude approximation, we can simply
let mqr¢r = mg with my being the number of free parameters
in §. Moreover, mg, is also a number that relates to my and
the size N of samples. The detailed discussions are refereed to
Section II-B of [26].

Specifically, we can apply the above Jg(k) with
J(k) = J(k) given by (42) for the classic HMM and the
Gaussian HMM, J (k) = J(k, {m.}) by (43) for the Gaussian
mixture HMM, J(k) = J(m) by (44) for the independent
HMM, and J(k) = J(k,{m¢}) by (45) for the indepen-
dent channels. We can also apply the above Jg(k) with
J(k) = J(m) given by (60) for TBYY p-system and TBYY
i-system, and J (k) = J(m, {m,}) given by (65) for the HMM
gated TFA, temporal non-Gaussian factor analysis (TNFA),
and HMM gated TNFA. Correspondingly, the detailed mg for
each case is given in Fig. 7.

Q
pe(l) = 5
> Q
(=1
q(x4]0)me, for (46)
Ql — G(flft |ll’lit 5 E[jt )ﬁ[jt Ty for (47) (74)
weGwelAeye + e, Se) 11 G ( Db, 59, + s, Agﬂ.) . for (61) & Tab.1(a).
pe(£) =670 — Aqe(£), A > 0is a small number
0, (a) same as the case by (74)
6/ [ f = maXyp=£y, Q[ (b) RPCL learning
a(t) = i’ (75)

ZQZ

(€L,

(c) BYY harmony learning with normalization.
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