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Abstract

Proximity graphs are the state-of-the-art solution for approximate

nearest neighbor (ANN) search, supporting applications such as

Web search and retrieval-augmented generation (RAG). Sustaining

long-term performance requires adaptive pruning as data and query

workloads evolve. However, existing approaches are largely static

and uniform. Adaptive pruning faces three key challenges: temporal

drift in data and query distributions, spatial heterogeneity across

graph regions, and costly feedback due to graph-level evaluations.

We present BANCO, a bandit-based framework for adaptive prox-

imity graph pruning. BANCO unifies diverse pruning strategieswithin
a common decision space and optimizes them via a drift-aware

batched bandit algorithm. It addresses temporal drift through drift-

aware updates, captures spatial heterogeneity using contextual

features for region-specific pruning, and reduces evaluation costs

through batched feedback aggregation. We establish a dynamic re-

gret bound with sublinear loss and polynomial computational com-

plexity. Extensive experiments on four real-world datasets demon-

strate that BANCO helps maintain long-term ANN search efficiency

and accuracy under evolving data and workloads.
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1 Introduction

1.1 Background and Motivation
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Figure 1: ANN Search Engine with Proximity Graphs.

Approximate nearest neighbor (ANN) search is a core component

of large-scale intelligent systems, underpinning applications such

as Web search and retrieval-augmented generation (RAG) [24, 41].

These systems rely on high-throughput semantic retrieval to ef-

ficiently identify relevant information from massive collections

in real time [34]. By enabling semantic matching beyond exact

keyword overlap, ANN search substantially improves retrieval rele-

vance in modern Web and AI applications [21, 30, 36, 39].

Proximity graphs have emerged as the state-of-the-art solution

for ANN search [34]. As illustrated in Figure 1, an ANN search en-

gine bridges applications and data sources by transforming hetero-

geneous data—such as text, images, and audio—into high-dimensional

embeddings. Within the engine, these embeddings are organized

into a proximity graph that connects similar vectors based on geo-

metric closeness. This graph-based structure enables efficient se-

mantic retrieval across a wide range of Web and AI applications.
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A critical step in constructing and maintaining proximity graphs

is pruning, which removes redundant or uninformative edges to

control node degrees and preserve graph sparsity [16, 33]. Effective

pruning improves memory efficiency, reduces retrieval latency, and

maintains search quality. However, existing pruning methods typi-

cally rely on static and uniform pruning parameters [16, 32–34, 37],

limiting their ability to adapt to evolving data distributions and het-

erogeneous graph regions, and leading to performance degradation

over time.

To address these limitations, pruning decisions must adapt dy-

namically rather than follow fixed strategies. We propose an adap-

tive pruning framework that formulates pruning as a contextual

bandit problem, enabling data-driven decision-making under un-

certainty. The framework continuously updates pruning strategies

based on observed feedback, which introduces fundamental chal-

lenges in both modeling and algorithm design.

From a modeling perspective, different proximity graphs adopt

distinct pruning strategies.Monotonic SearchNetworks (MSNs) [34],

such as NSG [16] and DiskANN [37], perform pruning globally af-

ter candidate search, refining connections across the entire graph. In

contrast, Small-World Graphs (SWGs) [32], represented byHNSW [33],

apply pruning locally during node insertion, maintaining sparsity

in an incremental manner. In short, MSNs conduct global prun-

ing, whereas SW graphs perform local pruning. Such diversity in

pruning strategies motivates the first key question:

Key Question 1. How to design a general adaptive pruning frame-
work that accommodates different pruning strategies?

From an algorithmic perspective, adaptive pruning needs to han-

dle uncertain feedback and address three key challenges. Temporal

drift: as data and query patterns evolve, static thresholds soon

become outdated, degrading efficiency and accuracy. Spatial het-

erogeneity: graph regions differ in density and connectivity, so

uniform rules cannot balance quality and efficiency. Costly feed-

back: pruning quality depends on graph-level metrics such as recall

and latency, which are expensive and infrequent to obtain. These

challenges are coupled with feedback uncertainty, which leads to

the second key question:

Key Question 2. How to design an efficient adaptive pruning algo-
rithm that addresses temporal drift, spatial heterogeneity, and costly
feedback under uncertainty?

1.2 Key Contributions

We summarize the key contributions of this work as follows:

• General framework. We formulate pruning as a bandit problem

and introduce a general adaptive framework that unifies diverse

pruning strategies within a common decision space. To the best

of our knowledge, this is the first general framework for adaptive

pruning in proximity graphs.

• Novel bandit algorithm. We develop a drift-aware batched bandit

algorithm, BANCO, for adaptive pruning. Unlike existing bandit

methods that handle drifting and batching separately, our design

jointly considers their interaction, which introduces new chal-

lenges in balancing temporal adaptation and delayed feedback.

• Theoretical analysis. We establish a dynamic regret bound of

𝑂̃ (𝑇 2/3𝐵1/3
𝑇

𝑑5/6) for BANCO, where 𝑇 denotes the time horizon, 𝑑

is the context dimension, and 𝐵𝑇 represents the total parameter

variation. This result guarantees sublinear performance loss and

polynomial computational complexity, providing strong theoret-

ical support for efficiency under drift and batched feedback.

• Experimental evaluation. We evaluate BANCO on four real-world

datasets using two representative proximity graphs. The results

show that adaptive pruning consistently improves the efficiency-

accuracy trade-off over existing baselines, achieving up to 18%

higher reward based on recall@10 and search time.

The rest of the paper is organized as follows. Section 2 reviews

related work. Section 3 introduces the preliminaries. Section 4

presents the system model and problem formulation. Section 5

describes the proposed algorithm. Section 6 provides the theoreti-

cal analysis. Section 7 presents the experimental evaluation, and

Section 8 concludes the paper.

2 Related Work

This work is related to research on proximity graphs and multi-

armed bandits.

2.1 Proximity Graphs

Approximate Nearest Neighbor (ANN) search is a fundamental

operation in large-scale systems such as Web search and retrieval-

augmented generation (RAG) [34]. While various solutions ex-

ist, including tree-based [6], hashing-based [3], and quantization-

based [25] approaches, proximity graphs (PGs) have become the

state of the art [22]. They offer an excellent trade-off between accu-

racy and latency at a billion scale by representing data as nodes in

a sparse, navigable graph and enabling efficient greedy traversal.

The design of PGs starts from the 𝑘-Nearest Neighbor Graph

(kNNG)[15], but raw kNNGs are too dense for practical use. To

address this, PGs employ pruning, which strategically removes

redundant edges to create a sparse yet efficient graph structure.

This pruning process distinguishes the two main families of PGs:

Monotonic Search Networks (MSNs) [34], such as NSG[16] and

DiskANN [37], adopt a sequential “build-search-prune-connect”

pipeline with global pruning. Small-World Graphs (SWGs) [32],

like HNSW [33], use an incremental “insert-search-prune-connect”

paradigm where pruning is applied locally during node insertion.

Despite its importance, pruning in existing methods [34] re-

lies on static, manually tuned thresholds. This rigidity limits their

adaptability to dynamic data distributions and heterogeneous graph

regions, thereby motivating our study of adaptive pruning.

2.2 Multi-armed Bandits

The multi-armed bandit (MAB) framework provides a principled

solution for adaptive decision-making by balancing exploration

and exploitation[4]. Numerous extensions have been developed to

improve adaptability, including kernel-based [27], Bayesian [42],

combinatorial [12, 31], and hierarchical [8, 43] bandits. Recent stud-

ies have explored collaborative [13], conversational [14, 28], and

federated [29] bandits in distributed environments.

Two particularly relevant directions are nonstationary bandits [38]

and batched bandits [18]. Representative nonstationary bandits in-

clude sliding-window UCB [17], discounted bandits [9, 26], and

change-detection-based algorithms [11], which demonstrate adapt-

ability under temporal drift. Batched bandits [18], by updating

policies only after a batch of actions, reduce feedback costs but
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(a) The sequential pipeline of MSN.

Build kNNG Prune Final MSN

Empty Graph Search Final SWGPrune

For each data node 𝒖

Search Global Connect

For each data node 𝒖

Local Connect

(b) The incremental loop of SWG.

Figure 2: Construction workflows of proximity graphs.

introduce delayed observations. However, existing bandit methods

typically handle drifting and batching separately, which limits their

applicability to adaptive graph pruning.

Therefore, we introduce a drift-aware batched contextual bandit

formulation that jointly models drifting environments and batched

feedback. BANCO addresses the new challenges of this setting through

a tailored algorithmic design.

3 Preliminaries

This section introduces the background of this work, including

Approximate Nearest Neighbor (ANN) search and proximity graphs

with their pruning strategies.

3.1 ANN Search

Approximate Nearest Neighbor (ANN) search is a core operation

in large-scale retrieval systems, enabling fast similarity search in

applications such as Web retrieval and RAG [34]. Given a query

vector, ANN search retrieves the 𝑘 most similar items from a large

collection without exhaustive pairwise comparisons. By allowing

a small approximation factor 𝑐 > 1, ANN trades exactness for

efficiency, achieving substantial speedups while maintaining high

recall. This accuracy-efficiency tradeoff underpins modern large-

scale retrieval systems.

3.2 Proximity Graphs and Pruning Strategies

3.2.1 Proximity Graphs. Proximity graphs (PGs) are the state-of-

the-art solution for ANN search. A PG 𝐺 = (𝑉 , 𝐸) represents data
vectors as nodes 𝑣 ∈ 𝑉 and connects geometrically close vectors

with edges (𝑢, 𝑣) ∈ 𝐸. While founded on the k-Nearest Neighbor

Graph (kNNG), practical PGs are not fully-connected kNNGs, which

are too dense and computationally expensive. Instead, they employ

pruning strategies to selectively remove redundant edges. This

creates a sparse yet efficiently navigable graph that balances search

performance and resource costs.

As illustrated in Figure 2, the pruning of proximity graphs for

each data node 𝑢 generally involves three stages: (1) search for

potential neighbors, (2) prune redundant candidates, and (3) con-

nect the remaining candidates to preserve graph connectivity. The

organization of these stages distinguishes two main PG families:

• Monotonic Search Networks (MSNs), like NSG [16], use a sequen-

tial “search-prune-connect” pipeline. They identify and prune

neighbors for all nodes before globally connecting them into the

final graph, often using a relaxed Relative Neighborhood Graph

(RNG) rule [16, 37].

• Small-World Graphs (SWGs), like HNSW [33], adopt an incremen-

tal “insert-search-prune-connect” loop. New nodes are inserted

one-by-one, with neighbor search and pruning performed locally

during each insertion to maintain graph properties.

Table 1: Representative Pruning Parameters.

Type Graph Representative Pruning Parameters

MSN

FANNG [20] Distance threshold; Max out-degree; Entry point

DiskANN [37] Distance threshold; Max out-degree; · · ·
NSG [16] Pool size; Max out-degree; Entry point

SWG

NSW [32] Number of neighbors; Number of trials; · · ·
HNSW [33] Number of neighbors; Pool size; Entry point

3.2.2 Pruning Strategies. The effectiveness of pruning strategies is

governed by a range of parameters, summarized in Table 1, which

can be categorized into three groups.

(1) Search Parameters. These parameters control the quality of

neighbor candidates obtained during greedy traversal in proximity-

graph construction. Greedy search is widely used in graph indexes

such as NSG [16] and HNSW [33], where traversal starts from an

entry point (ep) and iteratively explores neighbors toward the target.
The candidate pool size (L) determines the number of neighbors

maintained during search.

(2) Pruning Parameters. These parameters filter candidate neigh-

bors based on geometric constraints to balance graph sparsity and

connectivity. Typical examples include distance or diversity thresh-

olds (𝛼/𝛽), which relax strict relative-neighbor rules to retain addi-

tional edges and produce denser graphs.

(3) Connection Parameters. These parameters determine the final

graph topology and memory efficiency. A representative example is

the maximum out-degree (M), which limits the number of outgoing

edges per node and directly controls graph sparsity.

However, these critical parameters are typically manually config-

ured, limiting the pruning strategy’s adaptability to evolving data

distributions and workload dynamics. To address this limitation,

we next introduce a framework for adaptive pruning.

4 System Model and Problem Formulation

This section introduces the overall framework of adaptive prun-

ing. Section 4.1 models adaptive pruning as a sequential decision-

making process, and Section 4.2 formalizes the corresponding opti-

mization problem.

4.1 Adaptive Pruning Strategy

As discussed in Section 3.2, existing pruning strategies rely on

static parameters that cannot adapt to evolving data distributions

or heterogeneous graph regions. To address this limitation, we

formulate pruning as a contextual bandit problem for sequential

decision-making in adaptive pruning optimization.

We consider a time horizon of 𝑇 . Each time step 𝑡 ∈ {1, . . . ,𝑇 }
corresponds to processing a target node𝑢𝑡 within the “for each data

node” loop shown in Figure 2. At step 𝑡 , the system observes the

current graph state (context), selects pruning parameters (action),

applies them to 𝑢𝑡 , and receives a reward reflecting the pruning

quality. We next define the key components of this formulation.

4.1.1 Context. Before pruning node 𝑢𝑡 , the system extracts spa-

tial and structural information that characterizes its local graph

environment, which is encoded as a context vector 𝒙𝑡 ∈ R𝑚 :
𝒙𝑡 = [𝑒𝑢−𝑡 , 𝑒𝑢+𝑡 , 𝑒𝑐−𝑡 , 𝑒𝑐+𝑡 , 𝑒

𝑔−
𝑡 , 𝑒

𝑔+
𝑡 , 𝛼𝑚𝑡 , 𝛼

𝑠
𝑡 ,𝑚𝑡 , 𝑠𝑡 , 𝑛𝑡 ], (1)

where 𝑒𝑢−𝑡 /𝑒𝑢+𝑡 are the in/out degrees of 𝑢𝑡 , 𝑒
𝑐−
𝑡 /𝑒𝑐+𝑡 the average

degrees of nodes in the candidate set 𝑃𝑡 , and 𝑒
𝑔−
𝑡 /𝑒

𝑔+
𝑡 the global
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averages. 𝛼𝑚𝑡 /𝛼
𝑠
𝑡 and𝑚𝑡 /𝑠𝑡 denote the mean and variance of angles

and distances within 𝑃𝑡 , respectively, and 𝑛𝑡 = |𝑃𝑡 |.
4.1.2 Action. Given the context 𝒙𝑡 , the system selects an action 𝒂𝑡 ,
which specifies a particular set of pruning parameters introduced in

Section 3.2.2. The action space A contains a finite set of candidate

parameter configurations.

The system discretizes continuous parameters into grids and

constructs multi-dimensional actions as tuples from their Cartesian

product. Each action 𝑎𝑡 ∈ A therefore defines a concrete and

executable pruning policy. For example, in HNSW, an action may

take the form 𝑎𝑡 = (𝑀, 𝐿, 𝑒𝑝) = (16, 128, #2), specifying a maximum

out-degree of 16, a candidate pool size of 128, and an entry point of

#2.

We summarize the detailed parameters in Table 1 and Section 3.2.2.

This formulation unifies these configurations into a single decision

space, enabling a general and adaptive pruning framework.

4.1.3 Reward. The reward 𝑟𝑡 ∈ R quantifies the utility of the

pruning action 𝒂𝑡 for node 𝑢𝑡 , which affects the graph performance

in ANN search, and is modeled as:

𝑟𝑡,𝒂𝑡 = ⟨𝜙 (𝒙𝑡 , 𝒂𝑡 ), 𝜽𝑡 ⟩ + 𝜂𝑡 , (2)

where 𝜽𝑡 ∈ R𝑑 is a time-varying reward coefficient vector, and

𝜂𝑡 denotes zero-mean sub-Gaussian noise. The joint feature map

𝜙 (𝒙𝑡 , 𝒂𝑡 ) ∈ R𝑑 encodes both context and action by concatenating

context features with one-hot encoded action parameters. The re-

ward measures each decision’s contribution to search quality and

efficiency, defined as the normalized recall minus a normalized

query latency.

We employ a linear reward model for analytical tractability and

efficient estimation, a common practice in the bandit literature [4].

This formulation can be naturally extended to a generalized linear

model (GLM) [40] by applying a nonlinear link function 𝑔(·), i.e.,
𝑟𝑡,𝒂𝑡 = 𝑔(⟨𝜙 (𝒙𝑡 , 𝒂𝑡 ), 𝜽𝑡 ⟩) + 𝜂𝑡 , thereby supporting more complex

relationship modeling within the same theoretical framework.

Bymapping the node-wise pruning process into sequential decision-

making steps, we establish an adaptive pruning framework.

4.2 Problem Formulation

We formulate sequential pruning decisions (i.e., actions) at each time

step as a contextual bandit problem. The performance of adaptive

pruning is measured by the cumulative dynamic regret 𝑅𝑇 , which

measures the expected reward gap between the optimal action and

the algorithm’s action over a horizon 𝑇 :

𝑅𝑇 = E

[
𝑇∑︁
𝑡=1

(
max

𝑎∈A
⟨𝜙 (𝑥𝑡 , 𝑎), 𝜽𝑡 ⟩ − ⟨𝜙 (𝑥𝑡 , 𝑎𝑡 ), 𝜽𝑡 ⟩

) ]
. (3)

Thus, minimizing 𝑅𝑇 is equivalent to maximizing the cumulative

reward obtained by adaptive pruning over time.

Formally, we aim to solve the following optimization problem:

min

{𝑎𝑡 }𝑇𝑡=1

𝑅𝑇 (P1)

s.t. 𝑎𝑡 ∈ A, 𝑡 = {1, . . . ,𝑇 }.

However, the coefficient vector 𝜽𝑡 is unknown and evolves over

time with changes in data distributions and query workloads. An

effective algorithm must therefore estimate and track 𝜽𝑡 through
sequential decision-making while addressing three fundamental

challenges inherent in adaptive graph pruning. First, 𝜽𝑡 exhibits
temporal drift, requiring continuous adaptation rather than con-

vergence to a static strategy. Second, spatial heterogeneity in the

context 𝒙𝑡 reflects diverse graph structures (e.g., dense versus sparse
regions), making the optimal pruning action context-dependent

and necessitating a model that learns the relation between 𝒙𝑡 and
pruning decisions. Third, the reward 𝑟𝑡 is costly to obtain, as it

depends on graph-level metrics (e.g., recall@k) that are available

only intermittently.

We formalize the adaptive pruning framework and define dy-

namic regret as the optimization objective. These formulations mo-

tivate a specialized algorithm that jointly addresses key challenges

to minimize regret, as introduced in the next section.

5 Algorithm Design

This section introduces BANCO, a drift-aware batched contextual

bandit algorithm developed to solve Problem P1. We first introduce

the core idea in Section 5.1, then detail the algorithm in Section 5.2,

and finally analyze its computational complexity and scalability in

Section 5.3.

5.1 Core Idea

BANCO operates in two stages. It first makes adaptive pruning deci-

sions on the proximity graph (Stage I: Adaptive Decision Making)

and then updates the underlying parameters, including the time-

varying coefficient 𝜽𝑡 , through Stage II: Batched Parameter Update,

forming a feedback loop that continuously refines future decisions.

Balancing decision-making and parameter learning is central

to BANCO. The algorithm must exploit its current estimate of 𝜽𝑡
for effective pruning while exploring to refine this estimate. To

achieve this balance, BANCO employs the Upper Confidence Bound

(UCB) principle [5], which evaluates each action by combining its

expected reward with an uncertainty-based exploration term.

To specifically address the three key challenges of optimization

P1, BANCO tailors the UCB framework as follows:

Addressing Temporal Drift: To handle the time-varying reward

parameter 𝜽𝑡 , BANCO incorporates a discount factor 𝛾 into a regu-

larized weighted least-squares estimator
ˆ𝜽𝑡 for 𝜽𝑡 :

ˆ𝜽𝑡 = arg min

𝜽 ∈R𝑑

(
𝑡∑︁
𝑠=1

𝛾𝑡−𝑠
(
𝑟𝑠,𝒂𝑠 − ⟨𝜙 (𝒙𝑠 , 𝒂𝑠 ), 𝜽 ⟩

)
2 + 𝜆∥𝜽 ∥2

2

)
, (4)

where 𝛾 ∈ (0, 1] discounts older observations, giving more weight

to recent rewards and enabling adaptation to drift. The regulariza-

tion term 𝜆 > 0 ensures numerical stability and keeps the covari-

ance matrix invertible.

Exploiting Spatial Heterogeneity: The algorithm leverages the

context vector 𝒙𝑡 from Eq. (1), which encodes local and global graph

structure. By modeling the reward as a linear function of the joint

context 𝜙 (𝒙𝑡 , 𝒂𝑡 ) in Eq. (2), BANCO learns context-aware reward esti-
mates that reflect spatial variability. This enables pruning decisions

that adapt to local graph density and workload dynamics, with UCB

scores computed per context-action pair.

Navigating Costly Feedback: Evaluating pruning quality is costly,

so BANCO employs a batched feedback scheme. It makes decisions

over a block of rounds and updates parameters once using the

aggregated rewards, amortizing evaluation cost and improving

practicality for real-world systems.

2186



BANCO: Drift-Aware Batched Bandits for Adaptive Proximity Graph Pruning WWW ’26, April 13–17, 2026, Dubai, United Arab Emirates

Algorithm 1: BANCO: Bandit for Adaptive Pruning

Input :Horizon 𝑇 ; Number of batches𝑀 ; Action space A;

Feature map 𝜙 ; Regularization 𝜆 > 0; Discount

factor 𝛾 ∈ (0, 1); Failure probability 𝛿 ∈ (0, 1);
Bound on feature norm 𝐿; Bound on parameter

norm 𝑆 ; Sub-Gaussian noise parameter 𝜎 .

Output :Pruning action 𝑎𝑡 for each round 𝑡

/* Initialization */

1 𝑡0 ← 0, 𝑉0 ← 𝜆𝐼𝑚 , 𝑉̃0 ← 𝜆𝐼𝑚 , 𝒃0 ← 0 ∈ R𝑚 , ˆ𝜽0 = 0
2 Compute initial exploration parameter 𝛽0 using Eq. (10)

3 for𝑚 ← 1 to𝑀 do

4 𝑡𝑚 ← ⌈𝑚𝑇𝑀 ⌉
/* Stage I: Adaptive Decision Making */

5 for 𝑡 ← 𝑡𝑚−1 + 1 to 𝑡𝑚 do

6 Receive context 𝒙𝑡 ∈ R𝑑
7 Compute UCB score for each candidate action

𝒂 ∈ A using Eq. (5)

8 Select action 𝒂𝑡 ← arg max𝑎∈A UCB(𝒙𝑡 , 𝒂)
9 Apply action 𝒂𝑡 and store the pair (𝜙 (𝒙𝑡 , 𝒂𝑡 ), 𝑡)

10 end

/* Stage II: Batched Parameter Update */

11 Receive batched rewards {𝑟𝑡,𝒂𝑡 }
𝑡𝑚
𝑡=𝑡𝑚−1+1

12 Update 𝑉𝑡𝑚 , 𝒃𝑡𝑚 , and 𝑉̃𝑡𝑚 using Eqs. (6), (7), and (9)

13 Update parameter estimate
ˆ𝜽𝑡𝑚 using Eq. (8)

14 Update exploration parameter 𝛽𝑡𝑚 using Eq. (10)

15 end

This design also allows BANCO to be seamlessly integrated into ex-

isting ANN systems built on proximity graphs, such as HNSW [33]

and NSG [16], by replacing static pruning thresholds with learned

bandit policies while preserving the original search pipeline.

5.2 Algorithm Details

Algorithm 1 presents a two-stage procedure that alternates between

adaptive decision making and batched parameter updates. We next

describe the algorithm in detail.

Initialization. The algorithm begins by initializing its state at

𝑡 = 0 (Lines 1–2). It takes as input three key hyperparameters: the

regularization parameter 𝜆 > 0, the discount factor 𝛾 ∈ (0, 1) con-
trolling adaptation to non-stationarity, and the failure probability

𝛿 ∈ (0, 1) for confidence bounds. The covariance matrix 𝑉0 and

auxiliary matrix 𝑉̃0 are initialized as 𝜆𝐼𝑚 , where 𝐼𝑚 is the𝑚 ×𝑚
identity matrix; 𝑉𝑡 accumulates discounted feature outer products

with regularization 𝜆𝐼𝑚 to ensure invertibility, while 𝑉̃𝑡 adjusts the

confidence bounds for temporal drift. The cumulative reward vec-

tor 𝒃0 and parameter estimate
ˆ𝜽0 are initialized to zero, with

ˆ𝜽𝑡
denoting the estimated coefficient of the true parameter 𝜽𝑡 . The
exploration-exploitation trade-off is controlled by the parameter

𝛽0, defined later in Eq. (10).

Stage I: Adaptive DecisionMaking. The algorithm iterates through

𝑀 batches (Line 3). Within each batch𝑚 ∈ {1, 2, · · · } (from round

𝑡𝑚−1 + 1 to 𝑡𝑚), the algorithm makes real-time pruning decisions

(Lines 4-8). At each round 𝑡 , upon receiving a context 𝒙𝑡 , BANCO

evaluates all candidate actions 𝑎 ∈ A by computing an Upper Con-

fidence Bound (UCB) score. The UCB score for an action 𝒂 given

context 𝒙𝑡 is defined as:

UCB(𝒙𝑡 , 𝒂) = ⟨𝜙 (𝒙𝑡 , 𝒂), ˆ𝜽𝑡𝑚−1
⟩ + 𝛽𝑡𝑚−1

∥𝜙 (𝒙𝑡 , 𝒂)∥𝑉 −1

𝑡𝑚−1

𝑉̃𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

(5)

The first term represents the predicted reward based on the pa-

rameter estimate
ˆ𝜽𝑡𝑚−1

from the previous batch. The second term

quantifies the uncertainty associated with action 𝒂 under context

𝒙𝑡 . The matrix-weighted norm ∥ · ∥𝑉 −1𝑉̃𝑉 −1 and the exploration

parameter 𝛽𝑡𝑚−1
jointly prioritize actions that are either highly

uncertain or have large estimated rewards. The algorithm then

greedily selects the action 𝒂𝑡 with the highest UCB score (Line 8)

and applies it for graph pruning (Line 9).

Stage II: Batched Parameter Update. After completing all rounds

in a batch, the algorithm updates its model to estimate the time-

varying parameter 𝜽𝑡𝑚 and compute the exploration coefficient 𝛽𝑡𝑚 ,

which together guide better pruning decisions.

The algorithm receives batched rewards 𝑟𝑡,𝒂𝑡 (Line 11). Eqs. (6)-(8)

give the recursive solution to the weighted least-squares problem in

Eq. (4), ensuring consistency between the updates and the estimator

definition (Lines 12-14). The parameter estimate
ˆ𝜽𝑡𝑚 is obtained via

discounted regularized least squares:

𝑉𝑡𝑚 = 𝛾Δ𝑉𝑡𝑚−1
+

𝑡𝑚∑︁
𝑠=𝑡𝑚−1+1

𝛾𝑡𝑚−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤ + (1 − 𝛾Δ)𝜆𝐼𝑚

(6)

𝒃𝑡𝑚 = 𝛾Δ𝒃𝑡𝑚−1
+

𝑡𝑚∑︁
𝑠=𝑡𝑚−1+1

𝛾𝑡𝑚−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝑟𝑠,𝒂𝑠 (7)

ˆ𝜽𝑡𝑚 =𝑉 −1

𝑡𝑚
𝑏𝑡𝑚 (8)

where Δ = ⌈𝑇 /𝑀⌉ is the batch size .We also define an auxiliary

matrix 𝑉̃ for variance adjustment in the confidence bounds for

temporal drift:

𝑉̃𝑡𝑚 = 𝛾2Δ𝑉̃𝑡𝑚−1
+

𝑡𝑚∑︁
𝑠=𝑡𝑚−1+1

𝛾2(𝑡𝑚−𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤+(1−𝛾2Δ)𝜆𝐼𝑚

(9)

Then, the exploration parameter 𝛽𝑡𝑚 for the next batch is up-

dated. 𝛽𝑡𝑚 is crucial for ensuring that the true coefficient 𝜽𝑡 lies
within the confidence ellipsoid with high probability, defined as:

𝛽𝑡𝑚 =
√
𝜆𝑆 + 𝜎

√︄
2 log

1

𝛿
+ 𝑑 log

(
1 + (1 − 𝛾

2𝑡𝑚 )
𝜆𝑑 (1 − 𝛾2)

)
(10)

Here, 𝑆 denotes an upper bound on the norm of the true parameter

𝜽𝑡 (|𝜽𝑡 |2 ≤ 𝑆), 𝑑 denotes the context dimension, and 𝛿 specifies the

probability of failure. This setting balances the effects of regulariza-

tion, noise, and data volume to adaptively control exploration, and

Section 6.1 provides its theoretical justification.

By separating decision-making and parameter update into two

distinct stages, BANCO efficiently handles different challenges.

5.3 Complexity Analysis

We analyze the computational complexity of BANCO to demonstrate

its efficiency. Both time and space requirements grow polynomially

with the input size, ensuring scalability to large-scale problems. Key

parameters include the context dimension 𝑑 , action space size |A|,
total rounds 𝑇 , number of batches𝑀 , and batch size Δ = ⌈𝑇 /𝑀⌉.
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Theorem 1 (Computational Complexity of BANCO). The overall
computational cost of BANCO grows polynomially with the context
dimension 𝑑 , the size of the action space |A|, the total number of
rounds 𝑇 , the number of batches 𝑀 , and the batch size Δ = ⌈𝑇 /𝑀⌉.
Specifically, the algorithm achieves:

Time Complexity: 𝑂 (𝑇 · |A| · 𝑑2 +𝑀 · 𝑑3),
Space Complexity: 𝑂 (𝑑2 + Δ · 𝑑) .

The proof of Theorem 1 is given in Appendix A.1. The time

complexity scales linearly with horizon 𝑇 and cubically with di-

mension 𝑑 , ensuring constant amortized cost per round. The space

complexity grows quadratically with 𝑑 and linearly with the batch

size Δ, remaining practical for moderate dimensions. Hence, BANCO
is both computationally and memory efficient, enabling large-scale

deployment and seamless integration into existing ANN systems.
1

This section introduces the BANCO algorithm, detailing its design

and showing that it runs within polynomial time and space.We next

analyze its theoretical performance by deriving an upper bound on

the dynamic regret, which provides regret guarantees for solving

the adaptive pruning problem P1.

6 Theoretical Analysis

This section provides the theoretical analysis of BANCO, focusing on
parameter estimation and regret guarantees. Section 6.1 analyzes

the estimation of the time-varying parameter 𝜽𝑡 and establishes

confidence regions that support the UCB-based action selection

in Eq. (5). Section 6.2 then derives a dynamic regret bound for

Problem P1, quantifying BANCO’s performance.

6.1 Confidence Bound Analysis

We derive high-probability confidence bounds for the time-varying

parameter 𝜽𝑡 , forming the theoretical basis of BANCO. The main chal-

lenge lies in the coupling of temporal drift and batched feedback:

drift requires continuous adaptation, whereas batched feedback

delays learning and limits timely updates. To address this, we in-

troduce an auxiliary covariance matrix𝑊𝑡 with squared discount

factors (𝛾2
), distinct from the matrix 𝑉𝑡 (with single powers of 𝛾 ),

enabling the construction of drift-aware confidence ellipsoids.

Standard concentration results do not hold under delayed feed-

back. We therefore adopt a Gaussian smoothing technique [5] to

preserve the required supermartingale property, yielding the con-

centration inequality in Proposition 1.

Proposition 1 (Concentration of Weighted Noise). For any 𝛿 >

0, with probability at least 1 − 𝛿 , the weighted noise term 𝑆𝑡 =∑𝑡
𝑠=1

𝛾𝑡−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜂𝑠 satisfies:

∥𝑆𝑡 ∥2
𝑉 −1

𝑡

≤ 𝜎2

(
2 log

1

𝛿
+ log

det(𝑉𝑡 )
det(𝜆𝐼 )

)
, (11)

where 𝑉𝑡 =𝑊𝑡 + 𝜆𝐼𝑚 is the regularized noise-weighted covariance
matrix and𝑊𝑡 =

∑𝑡
𝑠=1
(𝛾𝑡−𝑠 )2𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤.

The proof of Proposition 1 is provided in Appendix A.2. This

result bounds the deviation of the discounted noise term 𝑆𝑡 with

high probability, linking the probabilistic analysis to the statistical

confidence framework. Under the stationary case where 𝜽𝑡 = 𝜽 , we

1
In practice, the cubic dependence on 𝑑 can be substantially reduced by maintaining a

Cholesky factor𝐿𝑡 such that𝑉𝑡 = 𝐿𝑡𝐿
⊤
𝑡 . This allows rank-1 updates to be performed in

𝑂 (𝑑2 ) per step instead of recomputing a full matrix inverse, resulting in an amortized

time complexity of𝑂 (𝑇 |A | 𝑑2+𝑀
𝐾
𝑑3 ) with periodic refactorization every𝐾 batches.

further derive the following confidence bound for the estimator
ˆ𝜽𝑡𝑚 ,

forming the theoretical foundation for defining coefficient 𝛽𝑡𝑚 and

will be used in the subsequent dynamic regret analysis.

Theorem 2 (Confidence Bound of 𝜽𝑡 ). For any 𝛿 ∈ (0, 1), with
probability at least 1 − 𝛿 , the following holds simultaneously for all
𝑚 ∈ {1, . . . , 𝑀} batches:

 ˆ𝜽𝑡𝑚−𝜽




𝑉𝑡𝑚 𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤
√
𝜆𝑆+𝜎

√︂
2 log

1

𝛿
+𝑚 log

(
1 +

∑𝑡𝑚
𝑠=1

𝛾2(𝑡𝑚−𝑠 )

𝜆𝑚

)
.

(12)

The proof of Theorem 3 is provided in Appendix A.3. The the-

orem ensures that the batch-updated estimator
ˆ𝜽𝑡𝑚 lies within a

statistically valid ellipsoid around the true parameter 𝜽 . The radius
of this ellipsoid, determined by 𝜆, 𝜎 , and the determinant term from

Proposition 1, defines the exploration coefficient 𝛽𝑡𝑚 in Eq. (5) and

serves as the analytical basis for the subsequent regret analysis.

6.2 Regret Analysis

We next derive the dynamic regret bound for BANCO, quantifying
its performance in non-stationary environments. Our analysis first

establishes a key parameter inclusion property for the confidence

bound, and then uses it to derive the final regret bounds.

6.2.1 Parameter Inclusion. The algorithm’s trade-off between ex-

ploration and exploitation is governed by a confidence ellipsoid𝐶𝑚 ,

whose size is controlled by the exploration parameter 𝛽𝑡𝑚−1
from

Eq. (10):

𝐶𝑚 =

{
𝜽 ∈ R𝑑 : ∥𝜽 − ˆ𝜽𝑡𝑚−1

∥
𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

≤ 𝛽𝑡𝑚−1

}
. (13)

The validity of this UCB approach hinges on ensuring that a proxy

of the true parameter lies within the confidence set with high proba-

bility. The following proposition formalizes this inclusion property,

bridging our confidence analysis with the regret framework.

Proposition 2 (Parameter Inclusion with Confidence). Let ¯𝜽𝑡𝑚 =

𝑉 −1

𝑡𝑚−1

(∑𝑡𝑚−1

𝑠=1
𝛾𝑡𝑚−1−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤𝜽𝑠 +𝜆𝜽𝑡𝑚−1

). For any 𝛿 > 0,
we have P( ¯𝜽𝑡𝑚 ∈ 𝐶𝑚) ≥ 1 − 𝛿 .

The proof of Proposition 2 is provided in Appendix A.4. This

inclusion property provides the statistical guarantee required for

the UCB-based exploration strategy. With this established, we can

now derive the overall dynamic regret.

6.2.2 Dynamic Regret Bound. We now combine the preceding re-

sults to establish the main regret guarantee of Problem P1.

Let 𝑆𝐴 , 𝑆𝑃 , and 𝑆𝑊 denote upper bounds on the norms of actions,

parameters, and auxiliary operators, respectively. Specifically, we

set ∥𝒂𝑡 ∥2 ≤ 𝐿, ∥𝒂𝑡𝒂𝑡⊤∥op ≤ 𝑆𝐴, and ∥𝜽𝑡 ∥2 ≤ 𝑆𝑃 for all 𝑡 . The

constant 𝑆𝑊 serves as an upper bound on the weighted operator

norm ∥𝑉 −1

𝑡

∑𝑡
𝑠=1

𝛾𝑡−𝑠𝒂𝑠𝒂⊤𝑠 ∥op. We also assume the total parameter

variation satisfies

∑𝑇
𝑠=1
∥𝜽𝑠 − 𝜽𝑠+1∥2 ≤ 𝐵𝑇 . These boundedness

conditions are standard in non-stationary bandit analysis [2, 10,

19], and are natural in our setting: actions correspond to discrete

pruning parameters with finite ranges (e.g., maximum degree, pool

size), model coefficients 𝜽𝑡 capture reward weights that are stable

up to gradual drift, and 𝐵𝑇 quantifies the smooth evolution of data

distributions and query workloads similar to [2, 10]. Under these

assumptions, we obtain the following theorem.
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Theorem 3 (Regret Bound of BANCO). For all 𝛾 ∈ (0, 1] and integers
𝐷 , 𝑁 ≥ 1, with probability at least 1 − 𝛿 ,

𝑅𝑇 ≤
(
2𝐿(𝐷 + 𝑁 )𝑆𝐴 +

√
𝜆𝑆𝑃

)
𝐵𝑇 + (2𝑆𝑊 + 4𝑆𝐴)

𝑆𝑃

𝜆

𝛾𝐷

1 − 𝛾

+ 𝛽𝑇 ·
√︂

2𝑑 log

(
1 + 𝑁

𝜆𝑑

)
· 𝑇√

𝑁
.

(14)

The proof of Theorem 4 is provided in Appendix A.5. Theorem 4

provides a dynamic regret bound comprising three interpretable

components: a variation term for tracking the evolving parameter,

a discounting term capturing the memory-adaptability trade-off,

and an exploration term for managing uncertainty.

6.2.3 Optimized Regret Rate. By appropriately tuning the algo-

rithm’s hyperparameters, we achieve the following regret bound.

Corollary 1 (Subline Regret). Under Theorem 3, if we set 𝛾 =

1 − 𝑐𝛾 ( 𝐵𝑇𝑇 )
2/3𝑚−1/3, 𝑁 = ⌈𝑐𝑁 ( 𝑇𝐵𝑇 )

2/3𝑚1/3⌉, and 𝐷 = ⌈𝑐𝐷𝑁 log𝑇 ⌉,
where 𝑐𝛾 , 𝑐𝑁 , and 𝑐𝐷 are positive constants controlling the discount
factor, batch size, and update interval, respectively, then with high
probability,

𝑅𝑇 = 𝑂̃

(
𝑇 2/3𝐵1/3

𝑇
𝑑5/6

)
, (15)

where 𝑂̃ (·) suppresses logarithmic factors.

The proof is given in Appendix A.6. This bound guarantees

sublinear regret, i.e., the average regret 𝑅𝑇 /𝑇 → 0 as 𝑇 →∞.
This section establishes both the confidence bound and the dy-

namic regret bound, ensuring the theoretical soundness of BANCO
under temporal drift. These guarantees provide a basis for the fol-

lowing experimental evaluation of its practical performance.

7 Experimental Evaluation

This section provides an experimental evaluation of the proposed

BANCO algorithm. We outline the experimental setup in Section 7.2

and present the analysis in Section 7.2.

7.1 Experimental Setup

7.1.1 Datasets. We evaluate BANCO on four real-world datasets

covering multiple modalities, as summarized in Table 2.

Table 2: Description of experimental datasets.

Dataset Modality Description

gist1m [23] Visual 1M 960-dimensional vectors for content-

based image retrieval.

sift1m [23] Visual 1M 128-dimensional SIFT descriptors used

in image matching.

msong [7] Auditory 1M audio feature vectors from the Million

Song Dataset based on timbre and chroma

descriptors.

glove1.2m [35] Textual 1.2M 100-dimensional word embeddings

trained using the GloVe algorithm.

7.1.2 Baselines. We implement two representative proximity-graph

families: HNSW [33] from the small-world family and NSG [16]

from the monotonic-search family. For each, we compare the origi-

nal algorithm and its adaptive version: HNSW-A and NSG-A, where

adaptive pruning is guided by BANCO. We also include two abla-

tions—w/o drift-aware, which removes the discount factor 𝛾 and

disables temporal adaptation, and w/o context, which ignores con-

textual information and prevents adaptation to local structure.

7.1.3 Metrics. We evaluate performance primarily using the re-

ward, which aligns with the optimization objective of Problem P1. In

our implementation, the reward of each pruning decision is defined

as a trade-off between search quality and efficiency—specifically,

the normalized recall minus a weighted normalized query latency

for the node under consideration.

For search quality, we use Recall@10, defined as the ratio be-

tween the number of correctly retrieved neighbors among the top

10 ANN results and the total of 10 ground-truth nearest neigh-

bors. This metric, ranging from 0 to 1, measures the proportion of

correctly retrieved neighbors. For efficiency, we report the aver-

age query latency (in milliseconds), normalized by the maximum

latency observed within each experiment to enable fair comparison.

7.2 Result Analysis

We evaluate the effectiveness of BANCO across four real-world

benchmark datasets, focusing on three key aspects: overall perfor-

mance against static baselines, robustness to key parameters, and

the contribution of its core components via ablation studies. This

section presents and discusses the empirical results.

0 500 1000 1500 2000
Round

0

1

2

3
R

ew
ar

d

HNSW-A
HNSW

0 500 1000 1500 2000
Round

0.0

0.2

0.4

0.6

R
ec

al
l

HNSW-A
HNSW

0 500 1000 1500 2000
Round

0.000

0.001

0.002

0.003

Q
ue

ry
 T

im
e 

(m
s)

HNSW-A
HNSW

(a) gist1m

0 500 1000 1500 2000
Round

0.0

0.5

1.0

1.5

2.0

2.5

R
ew

ar
d

NSG-A
NSG

0 500 1000 1500 2000
Round

0.0

0.1

0.2

0.3

0.4

R
ec

al
l

NSG-A
NSG

0 500 1000 1500 2000
Round

0.0005

0.0010

0.0015

0.0020

0.0025

0.0030

Q
ue

ry
 T

im
e 

(m
s)

NSG-A
NSG

(b) sift1m

0 500 1000 1500 2000
Round

0

1

2

3

R
ew

ar
d

HNSW-A
HNSW

0 500 1000 1500 2000
Round

0.0

0.2

0.4

0.6

R
ec

al
l

HNSW-A
HNSW

0 500 1000 1500 2000
Round

0.000

0.001

0.002

0.003

Q
ue

ry
 T

im
e 

(m
s)

HNSW-A
HNSW

(c) msong

0 500 1000 1500 2000
Round

0

1

2

3

R
ew

ar
d

NSG-A
NSG

0 500 1000 1500 2000
Round

0.0

0.1

0.2

0.3

0.4

0.5

R
ec

al
l

NSG-A
NSG

0 500 1000 1500 2000
Round

0.001

0.002

0.003

0.004

Q
ue

ry
 T

im
e 

(m
s)

NSG-A
NSG

(d) glove1.2m

Figure 3: Average reward comparison on four datasets.

7.2.1 Overall Performance. This section evaluates the effectiveness

of BANCO by comparing its augmented proximity graphs (HNSW-A,
NSG-A) against their original static versions. Figure 3 plots the mov-

ing average of rewards over time, where a higher value signifies

a better trade-off between search recall and latency. The results

consistently demonstrate the superiority of the adaptive pruning ap-

proach. The BANCO-augmented variants achieve and sustain higher

rewards, confirming that dynamic adaptation is critical for achiev-

ing robust long-term performance in evolving environments.

A key insight is the clear learning process exhibited by the

adaptive models. For instance, while the static NSG baseline’s per-
formance gradually declines due to temporal drift, NSG-A adapts

to quickly surpass it and maintain a substantial advantage (Fig-

ures 3b and 3d). Similarly, HNSW-A establishes a stable lead over its

static counterpart; on MSONG, its average reward remains above 3.0
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while HNSW’s fluctuates around 2.9 (Figure 3c). Moreover, the reward

curves for the adaptive variants are noticeably smoother and more

stable post-initial exploration. This indicates that BANCO not only
improves absolute performance but also enhances robustness by

effectively responding to changes, mitigating the degradation to

which static methods are prone. Overall, these results confirm that

BANCO successfully addresses temporal drift and spatial heterogene-

ity to deliver consistently higher and more reliable performance.
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Figure 4: Study of discount factor 𝛾 .

7.2.2 Parameter Study. We evaluate the sensitivity of BANCO to

two key hyperparameters: the discount factor 𝛾 , which governs

temporal adaptation, and the batch size𝑀 , which balances feedback

timeliness and computational cost.

Figure 4 shows the effect of 𝛾 on the average reward for HNSW-A
and NSG-A across GIST1M and SIFT1M. Performance peaks at moder-

ate values (0.6≤𝛾 ≤0.8), reflecting a trade-off between adaptability

and stability. A small 𝛾 causes overreaction to recent noise, while 𝛾

near 1.0 slows adaptation to drift, as observed for NSG-A on SIFT1M.
This confirms the necessity of controlled discounting for stable

learning in non-stationary environments.

Figure 5 examines the effect of batch size. Smaller batches (e.g.,

5–10) yield higher rewards than larger ones (e.g., 50) since more

frequent updates enable faster adaptation. Larger batches delay

feedback and reduce responsiveness, though the batched scheme

amortizes computation effectively. Overall, smaller batch sizes pro-

vide a favorable balance between adaptation speed and efficiency.

5 10 20 50
Batch Size

0

1

2

3

Av
er

ag
e 

R
ew

ar
d

HNSW-A
NSG-A

(a) gist1m

5 10 20 50
Batch Size

0.0

0.5

1.0

1.5

2.0

2.5

3.0

Av
er

ag
e 

R
ew

ar
d

HNSW-A
NSG-A

(b) sift1m

Figure 5: Study of batch size.

7.2.3 Ablation Study. We conduct an ablation study on GLOVE1.2M
dataset to evaluate the contribution of each component addressing

temporal drift, spatial heterogeneity, and costly feedback. Two sim-

plified variants of BANCO are compared: -OD (without drift) disables
temporal adaptation by setting 𝛾 = 1, and -OC (without context)

removes contextual features. As shown in Figure 6 and Table 3,

the full models (HNSW-A and NSG-A) consistently outperform both

variants, confirming the necessity of each component.
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Figure 6: Ablation study on glove1.2m.

As shown in Figure 6 and Table 3, the drift-aware mechanism

plays a key role: removing temporal adaptation results in a no-

ticeable performance drop—e.g., at a batch size of 10, HNSW-A-OD
achieves a recall of 0.610, which is about 23% lower than HNSW-A
(0.791). Disabling contextual features causes an even larger degrada-

tion (HNSW-A-OC: 0.462 recall), highlighting the importance of local

graph information for region-specific pruning. Finally, the batched

feedback scheme shows the expected trade-off: performance de-

creases with larger batch sizes due to delayed adaptation, while

smaller batches enable more responsive updates.

Table 3: Ablation study on glove1.2m.

Method

Batch Size

10 20 40 60 80 100

HNSW-A-OC 0.462 0.387 0.295 0.261 0.243 0.218

HNSW-A-OD 0.610 0.516 0.374 0.295 0.243 0.226

HNSW-A 0.791 0.650 0.463 0.351 0.278 0.237

NSG-A-OC 0.331 0.307 0.268 0.203 0.129 0.194

NSG-A-OD 0.413 0.378 0.257 0.193 0.151 0.180

NSG-A 0.525 0.438 0.318 0.279 0.177 0.160

8 Conclusion

This paper presents BANCO, a bandit-based framework for adap-

tive proximity graph pruning. By formulating pruning as a drift-

aware batched bandit problem, BANCO jointly addresses temporal

drift, spatial heterogeneity, and costly feedback, and adaptively

learns context-specific pruning policies within a unified decision

space. We establish a dynamic regret bound with sublinear loss and

polynomial computational complexity. Extensive experiments on

real-world datasets demonstrate that BANCO sustains ANN search

efficiency and accuracy under evolving data and query workloads.

Future work includes exploring richer context representations and

adaptive reward designs to further balance accuracy and efficiency

in dynamic environments.
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A Proof

A.1 Proof of Theorem 1

Theorem 1 (Computational Complexity of BANCO). The overall
computational cost of BANCO grows polynomially with the context
dimension 𝑑 , the size of the action space |A|, the total number of
rounds 𝑇 , the number of batches 𝑀 , and the batch size Δ = ⌈𝑇 /𝑀⌉.
Specifically, the algorithm achieves:

Time Complexity: 𝑂 (𝑇 · |A| · 𝑑2 +𝑀 · 𝑑3),
Space Complexity: 𝑂 (𝑑2 + Δ · 𝑑) .

Proof. The total cost of BANCO arises from two components: (i)

per-round decision making (Lines 5–9) and (ii) per-batch model

updates (Lines 11–14).
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Time Complexity. In each round 𝑡 , evaluating all actions 𝑎 ∈ A
and computing their UCB scores requires 𝑂 ( |A|𝑑2) operations.
Across𝑇 rounds, this results in𝑂 (𝑇 |A|𝑑2) total cost. At each batch

end, updating covariance and reward statistics over Δ steps costs

𝑂 (Δ𝑑2), while the matrix inversion for
ˆ𝜽𝑡𝑚 adds𝑂 (𝑑3). Thus, each

batch update requires 𝑂 (Δ𝑑2 + 𝑑3) operations, and over𝑀 batches

this totals 𝑂 (𝑀𝑑3). Combining both parts yields the overall time

complexity:

𝑂 (𝑇 |A|𝑑2 +𝑀𝑑3), (16)

which scales linearly with 𝑇 , implying constant amortized cost per

decision.

Space Complexity. BANCO maintains 𝑑 × 𝑑 matrices such as 𝑉𝑡

and 𝑉̃𝑡 , and 𝑑-dimensional vectors like b𝑡 and ˆ𝜽𝑡 , leading to 𝑂 (𝑑2)
storage. Additionally, buffering up to Δ feature vectors per batch

requires 𝑂 (Δ𝑑) memory. Hence, the overall space requirement is:

𝑂 (𝑑2 + Δ𝑑) . (17)

Given that 𝑑 is typically moderate, both computation and memory

costs remain tractable, confirming the efficiency of BANCO.
□

A.2 Proof of Proposition 1

Proposition 1 (Concentration of Weighted Noise). For any 𝛿 >

0, with probability at least 1 − 𝛿 , the weighted noise term 𝑆𝑡 =∑𝑡
𝑠=1

𝛾𝑡−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜂𝑠 satisfies:

∥𝑆𝑡 ∥2
𝑉 −1

𝑡

≤ 𝜎2

(
2 log

1

𝛿
+ log

det(𝑉𝑡 )
det(𝜆𝐼 )

)
, (18)

where 𝑉𝑡 =𝑊𝑡 + 𝜆𝐼𝑚 is the regularized noise-weighted covariance
matrix and𝑊𝑡 =

∑𝑡
𝑠=1
(𝛾𝑡−𝑠 )2𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤.

Proof. We follow the standard self-normalized concentration

approach, adapted to discounting and time-varying regularization:

(i) construct an exponential supermartingale; (ii) apply the Gaussian

mixture technique; (iii) introduce a stopping time and use optional

stopping to derive the tail bound.

Step 1: Supermartingale construction. For 𝑡 ≥ 0, define

𝑀𝑡 (𝑥) = exp

(
𝑥⊤𝑆𝑡 − 1

2
∥𝑥 ∥2

𝑉𝑡 /𝜎2

)
. (19)

Let F𝑡 = 𝜎 (𝑟1,𝒂1
, . . . , 𝑟𝑡,𝒂𝑡 ), so that 𝐴𝑡 is F𝑡−1-measurable, 𝜂𝑡 is F𝑡 -

measurable, and the weights are predictable. Extending Lemma 8

of [1] to the weighted case gives

E[𝑀𝑡 (𝑥) | F𝑡−1] ≤ 𝑀𝑡−1 (𝑥), (20)

so (𝑀𝑡 (𝑥))𝑡≥0 is a supermartingale with E[𝑀𝑡 (𝑥)] ≤ 1.

Step 2: Gaussian mixture and completing the square. Let ℎ𝑡 be the
density of N(0, 𝜇𝑡 𝐼𝑑 ) with 𝜇𝑡 > 0, and define

𝑀𝑡 =

∫
R𝑑

𝑀𝑡 (𝑥) ℎ𝑡 (𝑥) 𝑑𝑥. (21)

By Fubini and (20), E[𝑀𝑡 ] ≤ 1. Completing the square yields

𝑀𝑡 = exp

(
1

2
∥𝑆𝑡 ∥2(𝑉𝑡 /𝜎2+(𝜇𝑡 𝐼𝑑 )−1 )−1

)√︄
det

(
(𝑉𝑡/𝜎2 + (𝜇𝑡 𝐼𝑑 )−1)−1

)
det(𝜇𝑡 𝐼𝑑 )

.

(22)

Setting 𝜇𝑡 = 𝜎2/𝜆 and noting that 𝑉𝑡 already includes 𝜆𝐼𝑑 , we get

𝑀𝑡 = exp

(
1

2
∥𝑆𝑡 ∥2

𝑉 −1

𝑡

)√︄
det(𝜇𝑡 𝐼𝑑 )
det(𝑉𝑡 )

. (23)

Step 3: Stopping time and tail probability. Define

𝜏 = inf

{
𝑡 ≥ 0 : ∥𝑆𝑡 ∥2

𝑉 −1

𝑡

≥ 2 log
1

𝛿
+ log

det(𝑉𝑡 )
det(𝜇𝑡 𝐼𝑑 )

}
. (24)

On {𝜏 < ∞}, by (23),

exp

(
1

2
∥𝑆𝜏 ∥2

𝑉 −1

𝜏

)√︄
det(𝜇𝜏 𝐼𝑑 )
det(𝑉𝜏 )

≥ 1

𝛿
. (25)

Since (𝑀𝑡∧𝜏 )𝑡≥0 is a nonnegative supermartingale, optional stop-

ping and Fatou’s lemma imply

E[𝑀𝜏 ] ≤ lim inf

𝑡→∞
E[𝑀𝑡∧𝜏 ] ≤ E[𝑀0] = 1. (26)

Applying Markov’s inequality to (25)–(26),

P(𝜏 < ∞) = P
(
exp

(
1

2
∥𝑆𝜏 ∥2

𝑉 −1

𝜏

)√︂
det(𝜇𝜏 𝐼𝑑 )
det(𝑉𝜏 )

≥ 1

𝛿

)
≤ 𝛿 E[𝑀𝜏 ] ≤ 𝛿.

(27)

Thus, with probability at least 1 − 𝛿 , for all 𝑡 ≥ 0,

∥𝑆𝑡 ∥2
𝑉 −1

𝑡

≤ 2 log
1

𝛿
+ log

det(𝑉𝑡 )
det(𝜇𝑡 𝐼𝑑 ) . (28)

Since 𝜇𝑡 = 𝜎2/𝜆 and det(𝜇𝑡 𝐼𝑑 ) = (𝜎2/𝜆)𝑑 , multiplying (28) by 𝜎2

gives

∥𝑆𝑡 ∥2
𝑉 −1

𝑡

≤ 𝜎2

(
2 log

1

𝛿
+ log

det(𝑉𝑡 )
det(𝜆𝐼𝑑 )

)
, (29)

which completes the proof. □

A.3 Proof of Theorem 2

Theorem 2 (Confidence Bound of 𝜽𝑡 ). For any 𝛿 ∈ (0, 1), with
probability at least 1 − 𝛿 , the following holds simultaneously for all
𝑚 ∈ {1, . . . , 𝑀} batches:

 ˆ𝜽𝑡𝑚−𝜽




𝑉𝑡𝑚 𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤
√
𝜆𝑆+𝜎

√︂
2 log

1

𝛿
+𝑚 log

(
1 +

∑𝑡𝑚
𝑠=1

𝛾2(𝑡𝑚−𝑠 )

𝜆𝑚

)
.

(30)

Theorem 3. For any 𝛿 ∈ (0, 1), with probability at least 1 − 𝛿 , the
following holds simultaneously for all𝑚 ∈ {1, . . . , 𝑀}:

 ˆ𝜽𝑡𝑚−𝜽




𝑉𝑡𝑚 𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤
√
𝜆 𝑆+𝜎

√︂
2 log

1

𝛿
+𝑚 log

(
1 +

∑𝑡𝑚
𝑠=1

𝛾2(𝑡𝑚−𝑠 )

𝜆𝑚

)
.

(31)

Proof. We derive a high-probability confidence ellipsoid for
ˆ𝜽𝑡𝑚 .

The proof proceeds in four steps: (i) express the estimation error

in terms of the weighted noise 𝑆𝑡𝑚 and the regularization bias; (ii)

bound its norm under the matrix metric 𝑉𝑡𝑚𝑉
−1

𝑡𝑚
𝑉𝑡𝑚 ; (iii) apply the

self-normalized concentration bound from Proposition 1; and (iv)

simplify the determinant term to obtain the closed-form expression

in (31).

Step 1: Error decomposition. Under the condition 𝜽𝑡 = 𝜽 ,

ˆ𝜽𝑡𝑚 − 𝜽 =𝑉 −1

𝑡𝑚
𝑆𝑡𝑚 − 𝜆𝑉 −1

𝑡𝑚
𝜽 , (32)

where 𝑆𝑡𝑚 =
∑𝑡𝑚
𝑠=1

𝛾 𝑡𝑚−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜂𝑠 .
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Step 2: Metric bound. By the Cauchy–Schwarz inequality in the

metric induced by 𝑉𝑡𝑚𝑉
−1

𝑡𝑚
𝑉𝑡𝑚 ,

∥ ˆ𝜽𝑡𝑚 − 𝜽 ∥𝑉𝑡𝑚𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤ ∥𝑆𝑡𝑚 ∥𝑉 −1

𝑡𝑚

+ 𝜆∥𝜽 ∥
𝑉 −1

𝑡𝑚

. (33)

Since 𝑉𝑡𝑚 ⪰ 𝜇𝑡𝑚 𝐼𝑑 and ∥𝜽 ∥2 ≤ 𝑆 , we have

∥𝜽 ∥
𝑉 −1

𝑡𝑚

≤ 𝑆
√
𝜇𝑡𝑚

, (34)

and thus

∥ ˆ𝜽𝑡𝑚 − 𝜽 ∥𝑉𝑡𝑚𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤ ∥𝑆𝑡𝑚 ∥𝑉 −1

𝑡𝑚

+ 𝜆
√
𝜇𝑡𝑚

𝑆. (35)

Step 3: Concentration and determinant control. From Proposi-

tion 1, with probability at least 1 − 𝛿 ,

∥𝑆𝑡𝑚 ∥𝑉 −1

𝑡𝑚

≤ 𝜎

√︂
2 log

1

𝛿
+ log

(
det(𝑉𝑡𝑚 )

det(𝜇𝑡𝑚 𝐼𝑑 )

)
. (36)

Using det(𝜇𝑡𝑚 𝐼𝑑 ) = (𝜇𝑡𝑚 )𝑑 , we get:

log

(
det(𝑉𝑡𝑚 )

det(𝜇𝑡𝑚 𝐼𝑑 )

)
≤𝑚 log

(
1 +

∑𝑡𝑚
𝑠=1

𝛾2(𝑡𝑚−𝑠 )

𝜆𝑚

)
. (37)

Step 4: Conclusion. Substituting (37) into (35)–(36) gives

∥ ˆ𝜽𝑡𝑚−𝜽 ∥𝑉𝑡𝑚𝑉 −1

𝑡𝑚
𝑉𝑡𝑚
≤ 𝜆
√
𝜇𝑡𝑚

𝑆+𝜎
√︂

2 log
1

𝛿
+𝑚 log

(
1 +

∑𝑡𝑚
𝑠=1

𝛾2(𝑡𝑚−𝑠 )

𝜆𝑚

)
.

(38)

Noting 𝜆 ≤
√
𝜆
√
𝜇𝑡𝑚 (absorbing constants into 𝑆), the bound simpli-

fies to (31), which holds for all𝑚 with probability at least 1− 𝛿 . □

A.4 Proof of Proposition 2

Proposition 2 (Parameter Inclusion with Confidence). Let ¯𝜽𝑡𝑚 =

𝑉 −1

𝑡𝑚−1

(∑𝑡𝑚−1

𝑠=1
𝛾𝑡𝑚−1−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤𝜽𝑠 +𝜆𝜽𝑡𝑚−1

). For any 𝛿 > 0,
we have P( ¯𝜽𝑡𝑚 ∈ 𝐶𝑚) ≥ 1 − 𝛿 .

Proof. We show that the drift-aware proxy parameter
¯𝜽𝑡𝑚 lies

in the confidence region 𝐶𝑚

Step 1. Relation between ¯𝜽𝑡𝑚 and ˆ𝜽𝑡𝑚−1
. Using 𝑟𝑠,𝒂𝑠 = 𝜙 (𝒙𝑠 , 𝒂𝑠 )⊤𝜽𝑠+

𝜂𝑠 , we obtain:

¯𝜽𝑡𝑚 − ˆ𝜽𝑡𝑚−1
= 𝜆𝑉 −1

𝑡𝑚−1

𝜽𝑡𝑚−1
−𝑉 −1

𝑡𝑚−1

𝑆𝑡𝑚−1
, (39)

where 𝑆𝑡 =
∑𝑡
𝑠=1

𝛾 𝑡−𝑠𝜙 (𝒙𝑠 , 𝒂𝑠 )𝜂𝑠 .

Step 2. Bounding the metric norm. By the triangle inequality and

induced norm property,

∥ ¯𝜽𝑡𝑚 − ˆ𝜽𝑡𝑚−1
∥
𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

≤ ∥𝑆𝑡𝑚−1
∥
𝑉 −1

𝑡𝑚−1

+ 𝜆∥𝜽𝑡𝑚−1
∥
𝑉 −1

𝑡𝑚−1

.

(40)

If ∥𝜽𝑡𝑚−1
∥2 ≤ 𝑆 and 𝑉𝑡𝑚−1

⪰ 𝜇𝑡𝑚−1
𝐼𝑑 , then

∥𝜽𝑡𝑚−1
∥
𝑉 −1

𝑡𝑚−1

≤ 𝑆
√
𝜇𝑡𝑚−1

. (41)

Step 3. Concentration of the weighted noise. By Proposition 1, with
probability at least 1 − 𝛿 ,

∥𝑆𝑡𝑚−1
∥
𝑉 −1

𝑡𝑚−1

≤ 𝜎

√︂
2 log

1

𝛿
+ log

det(𝑉𝑡𝑚−1
)

det(𝜇𝑡𝑚−1
𝐼𝑑 ) . (42)

Since det(𝜇𝑡𝑚−1
𝐼𝑑 ) = (𝜇𝑡𝑚−1

)𝑑 and det(𝑉𝑡𝑚−1
) ≤ (𝜆+ 𝐿2

𝑑

∑𝑡𝑚−1

𝑠=1
𝛾 2(𝑡𝑚−1−𝑠 ) )𝑑 ,

the determinant ratio remains bounded by a logarithmic factor.

Step 4. Confidence radius and conclusion. Combining (40)–(42),

∥ ¯𝜽𝑡𝑚− ˆ𝜽𝑡𝑚−1
∥
𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

≤
√︁
𝜆𝑡𝑚−1

𝑆+𝜎
√︂

2 log
1

𝛿
+ log

det(𝑉𝑡𝑚−1
)

det(𝜆𝑡𝑚−1
𝐼𝑑 ) .

(43)

Define 𝛽𝑡𝑚−1
(𝛿) as the RHS of (43). Then ¯𝜽𝑡𝑚 ∈ 𝐶𝑚 with probability

at least 1 − 𝛿 , i.e.,
Pr( ¯𝜽𝑡𝑚 ∈ 𝐶𝑚) ≥ 1 − 𝛿. (44)

□

A.5 Proof of Theorem 3

Theorem 4 (Regret Bound of BANCO). Assume the total variation
of the parameter is bounded by

∑𝑇
𝑠=1
∥𝜽𝑠 − 𝜽𝑠+1∥2 ≤ 𝐵𝑇 . Then for all

𝛾 ∈ (0, 1] and integers 𝐷 ≥ 1, with probability at least 1 − 𝛿 ,

𝑅𝑇 ≤
(
2𝐿(𝐷 + 𝑁 )𝑆𝐴 +

√
𝜆𝑆𝑃

)
𝐵𝑇 + (2𝑆𝑊 + 4𝑆𝐴)

𝑆𝑃

𝜆

𝛾𝐷

1 − 𝛾

+ 𝛽𝑇 ·
√︂

2𝑑 log

(
1 + 𝑁

𝜆𝑑

)
· 𝑇√

𝑁
.

(45)

Proof. We decompose the per-round regret into (i) an estima-

tion term controlled by the confidence radius and (ii) a bias term

due to nonstationarity. The bias is further split into a local (last

𝐷 steps) component bounded by the variation budget 𝐵𝑇 and a

geometric tail controlled by 𝛾 . Finally, we sum over batches and

apply an elliptical-potential bound to obtain the exploration term.

Step I: Instantaneous regret. Fix 𝑡 ∈ (𝑡𝑚−1, 𝑡𝑚] and let

𝐴𝑡 ∈ arg max

𝑎∈A𝑡
⟨𝑎, 𝜽𝑡 ⟩, 𝜽𝑡 ∈ arg max

𝜽 ∈C𝑚
⟨𝐴𝑡 , 𝜽 ⟩. (46)

Under the high-probability event of Proposition 1 and Proposition 2

(i.e.,
¯𝜽𝑡𝑚 ∈ C𝑚), the UCB rule gives

⟨𝐴𝑡 , ¯𝜽𝑡𝑚 ⟩ ≤ max

𝜽 ∈C𝑚
⟨𝐴𝑡 , 𝜽 ⟩ ≤ max

𝜽 ∈C𝑚
⟨𝐴𝑡 , 𝜽 ⟩ = ⟨𝐴𝑡 , 𝜽𝑡 ⟩. (47)

Hence the instantaneous regret 𝑟𝑡 = ⟨𝐴𝑡 −𝐴𝑡 , 𝜽𝑡 ⟩ satisfies
𝑟𝑡 = ⟨𝐴𝑡 −𝐴𝑡 , ¯𝜽𝑡𝑚 ⟩ + ⟨𝐴𝑡 −𝐴𝑡 , 𝜽𝑡 − ¯𝜽𝑡𝑚 ⟩
≤ ⟨𝐴𝑡 , 𝜽𝑡 − ¯𝜽𝑡𝑚 ⟩ + ∥𝐴𝑡 −𝐴𝑡 ∥2 ∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥2
≤ ∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

+ 2𝐿 ∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥2,
(48)

wherewe use Cauchy-Schwarz in themetric induced by𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1
.

Step I.1: Bounding ∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

. Let𝐵 =𝑉
−1/2
𝑡𝑚−1

𝑉𝑡𝑚−1
𝑉
−1/2
𝑡𝑚−1

and 𝐵 ⪯ 𝐼 since 𝑉𝑡𝑚−1
⪯ 𝑉𝑡𝑚−1

. Then for any 𝑥 ,

𝑥⊤𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

𝑥 = (𝑉 −1/2
𝑡𝑚−1

𝑥)⊤𝐵(𝑉 −1/2
𝑡𝑚−1

𝑥) ≤ 𝑥⊤𝑉 −1

𝑡𝑚−1

𝑥, (49)

and hence

∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

≤ ∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

≤ ∥𝐴𝑡 ∥2√
𝜆
≤ 𝐿
√
𝜆
. (50)

Step I.2: Bounding ∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥𝑉𝑡𝑚−1
𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

. By the triangle

inequality and the definition of the confidence set C𝑚 ,
∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

≤ ∥𝜽𝑡 − ˆ𝜽𝑡𝑚−1
∥
𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

+ ∥ ¯𝜽𝑡𝑚 − ˆ𝜽𝑡𝑚−1
∥
𝑉𝑡𝑚−1

𝑉 −1

𝑡𝑚−1

𝑉𝑡𝑚−1

≤ 2 𝛽𝑡𝑚−1
,

(51)
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since both 𝜽𝑡 and ¯𝜽𝑡𝑚 belong to C𝑚 with probability ≥ 1 − 𝛿 (Theo-

rem 3 and Proposition 2).

Step I.3: Bounding the bias ∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥2. Recall

¯𝜽𝑡𝑚 =𝑉 −1

𝑡𝑚−1

(
𝑡𝑚−1∑︁
𝑠=1

𝛾 𝑡𝑚−1−𝑠𝐴𝑠𝐴
⊤
𝑠 𝜽𝑠 + 𝜆 𝜽𝑡𝑚−1

)
. (52)

Adding and subtracting 𝜽𝑡 and applying the triangle inequality, we

divide the history into the recent 𝐷 steps and the far past:

∥𝜽𝑡 − ¯𝜽𝑡𝑚 ∥2 ≤



𝑉 −1

𝑡𝑚−1

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

𝛾 𝑡𝑚−1−𝑠𝐴𝑠𝐴
⊤
𝑠 (𝜽𝑠 − 𝜽𝑡 )





2

+



𝑉 −1

𝑡𝑚−1

𝑡𝑚−1−𝐷∑︁
𝑠=1

𝛾 𝑡𝑚−1−𝑠𝐴𝑠𝐴
⊤
𝑠 (𝜽𝑠 − 𝜽𝑡 )





2

+ 𝜆 ∥𝜽𝑡𝑚−1
− 𝜽𝑡 ∥2 .

(53)

For the recent𝐷 terms, using ∥𝑀𝑥 ∥2 ≤ ∥𝑀 ∥op∥𝑥 ∥2, ∥𝑉 −1

𝑡𝑚−1

∥op ≤
𝜆−1

, we obtain


𝑉 −1

𝑡𝑚−1

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

𝛾 𝑡𝑚−1−𝑠𝐴𝑠𝐴
⊤
𝑠 (𝜽𝑠−𝜽𝑡 )





2

≤ 𝑆𝐴

𝜆

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

∥𝜽𝑠−𝜽𝑡 ∥2 .

(54)

For the far past, summing geometric weights and using ∥𝑉 −1

𝑡𝑚−1

∥op ≤
𝜆−1

, 


𝑉 −1

𝑡𝑚−1

𝑡𝑚−1−𝐷∑︁
𝑠=1

𝛾 𝑡𝑚−1−𝑠𝐴𝑠𝐴
⊤
𝑠 (𝜽𝑠 − 𝜽𝑡 )





2

≤ 𝑆𝑊

𝜆

𝛾𝐷

1 − 𝛾 𝑆𝑃 , (55)

for an absolute constant 𝑆𝑊 > 0, using ∥𝜽𝑠 ∥2 ≤ 𝑆𝑃 .

Combining (53)–(55) gives

∥𝜽𝑡− ¯𝜽𝑡𝑚 ∥2 ≤
𝑆𝐴

𝜆

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

∥𝜽𝑠−𝜽𝑡 ∥2+
𝑆𝑊

𝜆

𝛾𝐷

1 − 𝛾 𝑆𝑃+𝜆 ∥𝜽𝑡𝑚−1
−𝜽𝑡 ∥2 .

(56)

Step I.4: Collecting the instantaneous bound. Substituting (50), (51)
and (56) into (48) gives

𝑟𝑡 ≤
2𝐿
√
𝜆
𝛽𝑡𝑚−1

+ 2𝐿

[
𝑆𝐴

𝜆

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

∥𝜽𝑠 − 𝜽𝑡 ∥2 +
𝑆𝑊

𝜆

𝛾𝐷

1 − 𝛾 𝑆𝑃 + 𝜆 ∥𝜽𝑡𝑚−1
− 𝜽𝑡 ∥2

]
.

(57)

Step II: Summing over time. Summing (57) over 𝑡 = 1, . . . ,𝑇 and

regrouping terms by batch yields three aggregates.

(a) Variation terms. By a telescoping argument, each increment

∥𝜽 𝑗+1 − 𝜽 𝑗 ∥2 appears at most 𝐷 + Δ times in the first sum and Δ
times in the last one. Thus,

𝑇∑︁
𝑡=1

𝑡𝑚−1∑︁
𝑠=𝑡𝑚−1−𝐷+1

∥𝜽𝑠−𝜽𝑡 ∥2 ≤ (𝐷+Δ)𝐵𝑇 ,
𝑇∑︁
𝑡=1

∥𝜽𝑡𝑚−1
−𝜽𝑡 ∥2 ≤ Δ𝐵𝑇 ,

(58)

(b) Geometric tail. The middle term in (57) contributes

2𝐿
𝑆𝑊

𝜆

𝛾𝐷

1 − 𝛾 𝑆𝑃 𝑇 { (2𝑆𝑊 + 4𝑆𝐴)
𝑆𝑃

𝜆

𝛾𝐷

1 − 𝛾 , (59)

after absorbing numeric factors and operator constants (the coeffi-

cient (2𝑆𝑊 + 4𝑆𝐴) collects far-history terms, including the bound

in (54)).

(c) Exploration sum. For each batch𝑚, by (49) andCauchy–Schwarz,

𝑡𝑚∑︁
𝑡=𝑡𝑚−1+1

∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

≤
√
Δ

(
𝑡𝑚∑︁

𝑡=𝑡𝑚−1+1

∥𝐴𝑡 ∥2𝑉 −1

𝑡𝑚−1

)
1/2

≤
√︂

2𝑑 Δ log

(
1 + Δ

𝜆𝑑

)
,

(60)

where the last step follows from the standard elliptical-potential

bound. Since 𝛽𝑡𝑚−1
≤ 𝛽𝑇 (nondecreasing), summing over batches

with Δ ≤ 𝑁 gives

𝑀∑︁
𝑚=1

𝛽𝑡𝑚−1

𝑡𝑚∑︁
𝑡=𝑡𝑚−1+1

∥𝐴𝑡 ∥𝑉 −1

𝑡𝑚−1

≤ 𝛽𝑇

√︂
2𝑑 log

(
1 + 𝑁

𝜆𝑑

) 𝑇
√
𝑁
. (61)

Step III: Final aggregation. Combining (57)–(61) and using Δ ≤ 𝑁 ,

we have, with probability at least 1 − 𝛿 ,

𝑅𝑇 ≤
(
2𝐿(𝐷 + 𝑁 )𝑆𝐴 +

√
𝜆𝑆𝑃

)
𝐵𝑇 + (2𝑆𝑊 + 4𝑆𝐴)

𝑆𝑃

𝜆

𝛾𝐷

1 − 𝛾

+ 𝛽𝑇

√︂
2𝑑 log

(
1 + 𝑁

𝜆𝑑

) 𝑇
√
𝑁
.

(62)

This matches the claimed bound and completes the proof.

□

A.6 Proof of Corollary 1

Corollary 1 (Subline Regret). Under Theorem 3, if we set 𝛾 =

1 − 𝑐𝛾 ( 𝐵𝑇𝑇 )
2/3𝑚−1/3, 𝑁 = ⌈𝑐𝑁 ( 𝑇𝐵𝑇 )

2/3𝑚1/3⌉, and 𝐷 = ⌈𝑐𝐷𝑁 log𝑇 ⌉,
where 𝑐𝛾 , 𝑐𝑁 , and 𝑐𝐷 are positive constants controlling the discount
factor, batch size, and update interval, respectively, then with high
probability,

𝑅𝑇 = 𝑂̃

(
𝑇 2/3𝐵1/3

𝑇
𝑑5/6

)
, (63)

where 𝑂̃ (·) suppresses logarithmic factors.

Proof. From Theorem 4, the regret consists of three parts: (i)

the drift-dependent term (𝐷 + 𝑁 )𝐵𝑇 , (ii) the geometric tail
𝛾𝐷

1−𝛾 ,

and (iii) the exploration term 𝛽𝑇

√︃
2𝑑 log(1 + 𝑁

𝜆𝑑
) 𝑇√

𝑁
. We choose

𝛾 , 𝑁 , and 𝐷 such that (i) and (iii) are balanced while (ii) remains

negligible.

Drift term. Ignoring constants, the drift contribution is 𝑂 ((𝐷 +
𝑁 )𝐵𝑇 ). Choosing 𝑁 ≍ (𝑇 /𝐵𝑇 )2/3𝑑1/3

and 𝐷 ≍ 𝑁 log𝑇 gives

(𝐷 + 𝑁 )𝐵𝑇 ≍ 𝑇 2/3𝐵1/3
𝑇

𝑑1/3
polylog(𝑇 ) . (64)

Exploration term. Since 𝛽𝑇 = 𝑂̃ (
√
𝑑), the exploration component

scales as 𝑂̃ (𝑑𝑇 /
√
𝑁 ). Substituting 𝑁 ≍ (𝑇 /𝐵𝑇 )2/3𝑑1/3

yields
𝑇√
𝑁
≍

𝑇 2/3𝐵1/3
𝑇

𝑑−1/6
, and hence the exploration term is 𝑂̃ (𝑇 2/3𝐵1/3

𝑇
𝑑5/6).

Geometric tail. For the residual term,
𝛾𝐷

1−𝛾 ≲ 𝑇 2/3−𝑐𝛾𝑐𝐷𝐵−2/3
𝑇

𝑑1/3
.

When 𝑐𝛾𝑐𝐷 ≥ 2, this quantity becomes logarithmically small and

negligible.

Combining the above results, the total regret satisfies

𝑅𝑇 = 𝑂̃ (𝑇 2/3𝐵1/3
𝑇

𝑑5/6), (65)

which completes the proof.

□
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