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ABSTRACT

The multi-layered network exploration problem MuLaNE is a significant challenge derived from
various practical applications. In MuLaNE, there are multiple layers of the network, where each
node is assigned an importance weight, and each layer is explored through random walks. The
objective is to allocate a total random walk budget B across the network layers to maximize
the cumulative weights of the unique nodes visited. We systematically approach this problem
by addressing both offline optimization and online learning scenarios. For the offline optimiza-
tion case, where the network structure and node weights are known, we propose constant-ratio
approximation algorithms based on greedy strategies for overlapping networks, and exact opti-
mal solutions using greedy or dynamic programming for non-overlapping networks. In the online
learning scenario, where neither the network structure nor the node weights are initially known,
we adapt the combinatorial multi-armed bandit framework. We develop algorithms with two
distinct confidence radius designs to simultaneously learn random walk parameters and node
weights, while optimizing budget allocation across multiple rounds, achieving logarithmic regret
bounds. Finally, experimental results on real-world social and computer networks validate the
practical applicability of MuLaNE and our theoretical findings.

1. Introduction

Network exploration is a fundamental process for discovering information and resources located at nodes within a network, where
random walks are frequently employed as an effective method [1-3]. In this paper, we investigate the problem of multi-layered
network exploration via random walks, a model applicable to various real-world scenarios such as resource discovery in peer-to-peer
(P2P) networks and web navigation in online social networks (OSNs), as depicted in Fig. 1.

In P2P networks, as shown in Fig. 1a, a user often needs to find valuable resources (like files or data) that are scattered across
many different peers, which may belong to several distinct networks. A common and effective decentralized search strategy is to
launch multiple parallel random walkers [1,4], where each walker is a query that propagates from peer to peer. Critically, these
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(a) Resource Searching in P2P Networks. (b) Web Surfing in OSNs.

Fig. 1. Applications on network exploration via random walks.

search queries don’t run indefinitely; they operate under strict constraints, such as a maximum hop count or a time-to-live limit.
Given that resources vary in importance and are distributed unevenly, the central challenge becomes one of resource allocation: how
should a user with a limited total search capacity strategically divide this effort among different walkers in various networks to maximize the
total value of the unique, important resources they discover?

A similar challenge emerges in the automated exploration of online social networks (OSNs), where autonomous explorers navigate
social connections to uncover information [5,6]. Unlike tasks with predefined targets, these explorers lack a feasible list of nodes due to
OSNs’ vast scale and dynamism; their core objective is discovering unknown content. Instead, they traverse platforms like Instagram,
Twitter, and Facebook through real-time programmatic navigation, guided by emerging connections (Fig. 1b). This path-dependent
process—starting at a seed node, following edges (e.g., likes or connections) to profiles, and continuing onward-naturally models as a
random walk. Yet, it is limited by a finite computational budget, stemming from practical constraints like API rate limits and per-step
processing costs. This poses a central optimization question: How can an automated system optimally allocate its budget across platforms
to maximize high-value information discovery?

We formalize the above application scenarios as the Multi-Layered Network Exploration (MuLaNE) problem. In MuLaNE, the overall
network to be explored (e.g., a combination of different OSNs) is modeled as a multi-layered network G with m layers L,,...,L,,.
Each layer L; (e.g., an individual OSN) is a weighted directed graph G; = (V,, &;), where V), is the set of nodes (e.g., user pages with
importance weights ¢,), and &, is the set of directed edges with associated edge weight function w;. Each layer is explored by an
explorer (or random walker) W}, which starts according to a given distribution «; and follows the outgoing edges with probabilities
proportional to their edge weights. Each step consumes one unit of budget' Given a total budget B and per-layer limits c;, the goal
is to determine the optimal budget allocation k = (k,, ..., k,,) within the budget constraints to maximize the expected total weight of
unique visited nodes.

In practical applications, the network structure G, the node weights o, and the starting distributions «; may not be known in
advance. Therefore, we consider both the offline optimization scenario, where G, ¢, and «; are known, and the online learning scenario,
where these elements are unknown. Furthermore, different layers may have overlapping vertices (e.g., the same user’s Homepage
may appear in multiple OSNs), and the starting distributions @; may or may not correspond to stationary distributions. This paper
provides a systematic study of all these combinations of cases:

¢ For the offline optimization process, we first address the general case with overlapping layers and propose constant approximation
algorithms. These are based on the lattice submodularity property for non-stationary starting distributions a;, and the diminishing
returns (DR) submodularity property for stationary ;. For the special case of non-overlapping layers, we design a dynamic
programming algorithm that computes the exact optimal solution for MuLaNE.

¢ Inthe online learning setting, exploration is conducted over multiple rounds, each constrained by the same budget B and individual
layer budgets c;. After each round, the reward is the total weight of the unique nodes visited, and the trajectory of each explorer,
along with the importance weights of the visited nodes, is observed. This feedback informs future exploration rounds by providing
valuable insights into the network’s structure.

We adapt the combinatorial multi-armed bandit (CMAB) framework [7] to minimize regret, defined as the difference between the
cumulative reward achieved by “the exact or approximate offline algorithm” and that achieved by “the online learning algorithm” over T
rounds. For the offline optimization setting, the core challenge is to solve a complex combinatorial optimization problem for budget
allocation, given full knowledge of the network. The problem is NP-hard in general, as the reward function may not possess desirable
properties. To address this, we leverage the property of lattice submodularity to design constant-ratio approximation algorithms
for the general case, and we provide the exact optimal solutions via greedy or dynamic programming methods for important
special cases. For the online learning setting, the network structure and node weights are initially unknown, and the challenge lies
in sequentially allocating the budget over multiple rounds. This requires balancing the exploration of unknown parameters with
the exploitation of current knowledge, with the goal of minimizing cumulative regret against the offline solution. To tackle this, we
developing novel online algorithms that learn random walk parameters, i.e., visiting probabilities, and node weights simultaneously
to achieve logarithmic regret bounds.

1 The model can be extended to allow multiple steps per budget unit.
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Contributions. In summary, our contributions are as follows: (a) We model the multi-layered network exploration via the random
walks problem (MuLaNE) as an abstraction for various real-world applications. (b) We conduct a systematic study of the MuLaNE
problem, designing specialized algorithms and providing rigorous theoretical analysis for both offline and online settings, considering
overlapping and non-overlapping multi-layered networks. (c) We perform empirical validation on real-world social and computer
network datasets, demonstrating the practical applicability of MuLaNE and the effectiveness of our proposed algorithms.

Paper Organization. Section 3 presents the formal problem setting of MuLaNE. In Section 4, we introduce the equivalent bipartite
coverage model to derive the explicit form of the reward function. Section 5 discusses offline algorithms for four distinct scenarios,
providing provable approximation guarantees and running-time analyses. In Section 6, we present different online learning algorithms
along with regret analysis for both overlapping and non-overlapping cases. Empirical results are provided in Section 7, followed by
related work in Section 2. Finally, Section 8 concludes the paper.

2. Related work

Network exploration via random walks has been studied in various application contexts such as centrality measuring [2], large-
scale network sampling [8], and influence maximization [3]. Multiple random walks has also been used, e.g. in Lv et al.[1] for
query resolution in peer-to-peer networks. However, none of these studies addresses the budgeted MuLaNE problem. MuLaNE is also
related to the influence maximization (IM) problem [9,10] and can be viewed as a special variant of IM. Different from the standard
Independent Cascade (IC) model [11] in IM, which randomly broadcasts to all its neighbors, the propagation process of MuLalE is a
random walk that selects one neighbor. Moreover, each unit of budget in MuLaNE is used to propagate one random-walk step, not to
select one seed node as in IC.

While the MuLaNE problem formulation is novel, its offline version can be framed as an instance of a budget allocation problem.
Our work, therefore, builds upon the theoretical tools developed for this class of problems. The offline budget allocation problem has
been studied by Alon et al. [12], Soma et al. [13], the latter of which propose the lattice submodularity and a constant approximation
algorithm based on this property. Our offline overlapping MuLaNE setting is based on a similar approach, but we provide a better
approximation ratio compared to the original analysis in Alon et al.[12]. Moreover, we further show that the stationary setting
enjoys DR-submodularity, leading to an efficient algorithm with a better approximation ratio.

The multi-armed bandit (MAB) problem is first studied by Robbins [14] and then extended by many studies (cf. [15]). Our online
setting fits into the general Combinatorial MAB (CMAB) framework of Chen et al. [7], Gai et al. [16]. CUCB is proposed as a general
algorithm for CMAB [7,17]. Our study includes several adaptations, such as handling unknown node weights, defining intermediate
random variables as base arms, and so on. The community exploration problem, as addressed by Chen et al. [18], represents a special
case of MuLaNE that is restricted to non-overlapping complete graphs. Consequently, their approach is inherently different from and
simpler than the generalized methods we propose. While Chen et al.[7], Wang and Chen[17], Liu et al.[19] can also tackle the
MuLaNE problem, their algorithms’ regret upper bound scales linearly with the number of explorers m. Our explorer-relaxed online

algorithm improves upon this result, achieving a tighter bound by a factor of O( 1o:m )

3. Preliminaries

Basic Notations. In this paper, we use R and Z to denote the sets of real numbers and integers, respectively, with subscripts
> 0 and > 0 representing their non-negative and positive subsets. We consider a multi-layered network G(V, &, 5), consisting of m
layers L,,..., L,, and N unique nodes in the set V, with fixed node weights ¢ € [0, 11”. Let [m] denote the set 1,2, ..., m. Each layer
L,;, for i € [m], is a subgraph of G and is represented as a weighted directed graph G;(V,, &; w;), where V; C V is the set of vertices
in layer L;, & CV; XV, is the set of edges, and w; : & — R, is the edge weight function for the edges in G,. Two layers L; and
L; are considered non-overlapping if ¥; n'V; = @. The network G is called a non-overlapping multi-layered network if all layers are
non-overlapping; otherwise, it is an overlapping multi-layered network. Fig. 2 illustrates both types of networks. Let n; = |V;| denote
the size of layer L;, and the adjacency matrix of ; is defined as A; € RZ’; "t where A;[u,v] = w;((u,v)) if (u,v) € & and 0 otherwise.
Based on the definition of A;, we also define the transition probability matrix P, € R;"OX " as Pilu,v] := A;[u,v]/ (Zw:(u,w)e e, A;[u, w]).

Exploration Rule. Each layer L; is associated with an explorer W, a budget k; € Z,, and an initial starting distribution a; =
(@ )uey, € IR;"O with EMEV,- a;, = 1. The exploration process of W; is identical to applying weighted random walks within layer L,.
Specifically, the explorer W; starts the exploration from a random node v; € ¥; with probability «; , ; it consumes one unit of budget
and continues the exploration by walking from v, to one of its out-neighbors, say v,, with the transition probability matrix P,[v;,v,].
Consider visiting the initial node v, as the first step, the process is repeated until the explorer W; walks k; steps and visits k; nodes
(with possibly duplicated nodes). Note that our results can be easily generalized by allowing W, to take 4; € Z., steps per unit of
budget. It can be readily verified that this modification does not affect the algorithm or its analysis. For simplicity, we set 4; = 1.

Reward Function. We define the exploration trajectory for explorer W; after exploring k; nodes as ®(i, k;):=(X;;, ..., X; ),

where X; ; € V; denotes the node visited at j-th step, and Pr(X;;=u) = a; ,,u € V;. Note that «;, denotes the probability of node u

being the initial starting node for W,. The reward for ®(i, k;) is defined as the total weights of unique nodes visited by W, i.e.,

Zveuki (x,,) 00 Considering trajectories of all W;’s, the total reward is the total weights of unique nodes visited by all random walkers,
=10

ie., ZUGU”’ U x,) O For notational simplicity, let G:=(G,, ...,G,), @:=(ay, ..., a,) and 6 = (5}, ..., 0)y;) be the parameters of a
i=1 Uj= i)
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Fig. 2. Two types of multi-layered networks.

problem instance and k:=(k,, ..., k,,) be the allocation vector. For overlapping multi-layered network G, the total expected reward is

rg,a,a(k) : =[E(1>(1,k]),“,,ll>(m,km) [ZUGU;';I U;c,:l (X)) GU] P (@8]

where its explicit formula will be discussed later in Section 4. For non-overlapping G, there are no overlapping nodes among different
layers, i.e., a node can only be visited by the random explorer from the same layer. Hence, the reward function can be simplified and
written as the summation over separated layers,

rgaok) 1= XL 1[E<I>ok>[zueu (X7 ] ”

Problem Formulation. We are interested in the budget allocation problem: how to distribute a total budget B € Z,, among m
explorers to maximize the total weight of unique nodes visited. Additionally, each explorer i € [m] has an individual budget constraint
¢;, meaning the allocated budget k; must satisfy k; < ¢;. We assume ¢; < B and ),/ ¢; > B, as the problem becomes trivial otherwise.
Specifically, if 3" | ¢; < B, the optimal solution is simply to allocate k; = ¢; for all explorer i, which satisfies the total budget constraint.

Definition 1. Given graph structures G := (G, ..., G,,), total budget B, starting distributions a := (a, ..., @,,), and budget constraints
=(cy, ..., ¢,), the Multi-Layered Network Exploration problem, denoted as MuLaNE, is formulated as the following optimization

problem,
maxy reqq(k) st k €zl <c, Y ki < B, 3)

where r¢.a.c(k) is given by Eq. (1) or Eq. (2).

We consider the following two settings for the MuLaNE problem:

Offline Setting. For the offline setting, all the parameters of the problem instance (G, a, o, c, B) are given in advance. The
objective is to determine the optimal allocation of the budget k* by solving the optimization problem defined in Eq. (3).

Online Setting. For the online setting, we consider T-round explorations. Prior to exploration, only an upper bound on the
total number of nodes in ¢ and the number of layers m are known? The network structure G, starting distributions a, and node

weights ¢ are initially unknown. In round ¢ € [T], we choose the budget allocation k,:=(k, , ...k, ,) based solely on observations
from previous rounds, where k, ; € Z is the budget allocated to the i-th layer and ', k,; < B,k, < c. By choosing action k,, each
explorer W; performs k,; exploration steps on layer L;, generating an exploration trajectory ®(i, k, ;) = (X, ..., X; ). After the action,

the exploration trajectories ®(i, k, ;) and the fixed importance weights o, for all nodes u € ®(i, k, ;) are revealed as feedback (Random
node weights with unknown mean vector o is considered in Appendices F and G). Feedback results are used to learn parameters
related to the graph structures g, the starting distribution «, and the node weights ¢. This information guides the selection of better
budget allocations in subsequent rounds. In round ¢z, the reward obtained is the total weights of unique nodes visited by all random
explorers. Our objective is to design an efficient online learning algorithm, denoted as A, to guide the budget allocation process and
maximize the cumulative reward over T rounds.

A key challenge for the online algorithm is managing the exploration-exploitation tradeoff. The performance of an online learning
algorithm is commonly measured by cumulative regret. Formally, the T-round (&, #)-approximation regret of algorithm A is defined
as:

Regg g 6(TV=EPT 1G4 6 (K )~E[ X1, 1o a0k, €))

where rg o ,(k*) is the reward value for the optimal budget allocation k*, k! is budget allocation selected by the learning algorithm A
in round #, and the expectation is taken over the randomness of both the algorithm and the exploration trajectories across all T rounds.
The constants (&, §) represent the approximation guarantee of an offline oracle, as explained below. Similar to other online learning

2 More precisely we only need to know the number of independent explorers. If multiple explorers operate on the same layer, this is equivalent
to treating them as separate layers with identical graph structures.
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frameworks [7,17,20], we assume that the online learning algorithm has access to an offline (¢, f)-approximation oracle, which for
problem instance (G, a, o, ¢, B) outputs an action k such that Pr (rg’a’(,(k) > & ”g,a,a(k*)) > f. Importantly, in our actual online learning
algorithms, we do not try to recover the graph structure G and the starting distribution a but take certain intermediate parameters
as inputs.

Submodularity and DR-Submodularity Over Integer Lattices. To address the MuLaNE problem, we exploit the submodular and
diminishing returns (DR)-submodular properties of the reward function. Let R and Z, denote the set of reals and non-negative
integers. For any x,y € ZZ, we denote x Vy,x A y € ZZ, as the coordinate-wise maximum and minimum of these two vectors, i.e.,
(x Vy); =max{x;,y;},(x A y); = min{x;, y;}. We define a function f : 77, — R over the integer lattice Z7 asa submodular function if
the following inequality holds for any x,y € Zz3,:

SV +fxny) < fXx)+ 1) 6))

Let supp®(x — y) denote theset I = {i € [m] : x; > y;}, x; =(0,...,1,...,0) be the one-hot vector whose i-th element is 1 and O other-
wise, and x > y means x; > y; for all i € [m]. We define a function f : Z{\; — R as a DR-submodular function if the following inequality
holds for any x <y and i € [m], -

FO+x)—f < fx+x)— f(x). 6)

We say a function f is monotone if for any x <y, f(x) < f(y). Without loss of generality, we assume monotone functions are normal-
ized, i.e., f(0) = 0. For a function f : {0,1}" — R defined on a set, submodularity and DR-submodularity are equivalent. On general
integer lattices, however, the distinction is critical. A DR-submodular function f : Z’;’O — R is always a submodular function, but
the converse is not necessarily true. Specifically, DR-submodularity implies that the marginal gain from a single-unit increase in any

coordinate is non-increasing. The more general lattice submodularity does not require this strict, per-unit diminishing return property.

4. Equivalent bipartite coverage model

In this section, we derive the formulation of the reward function, a crucial step for both offline optimization and online learning.
We first introduce an equivalent bipartite coverage model to formalize the problem, then use this framework to express the reward
function mathematically, and finally analyze the properties of its core component: the node visiting probability.

4.1. Formulation of reward function

To derive the explicit formulation of the reward function r , ,(k) in Eq. (1), we construct an undirected bipartite coverage graph
BW,V, "), where W = {W,, ..., W,,} denotes m random explorers, V = | ietm) Vi denotes all possible distinct nodes to be explored
in G, and the edge set &'={(W,,u)|u € V,,i € [m]} indicating whether node u could be visited by W;. For each edge (W,,u) € &', we
associate it with ¢; + 1 visiting probabilities denoted as P, ,(k;) for k; € {0} U [¢;]. P,,(k;) represents the probability that the node u
is visited by the random walker W, given the budget k;, i.e., P, ,(k;) = Pr(u € ®(i, k;)). We will provide the analytical formula and
detailed properties of these visiting probabilities later on. Since W, can never visit the node outside the i-th layer (i.e., u ¢ G;), we
set P, ,(k;) =0 if (W, u) ¢ &'. Then, given budget allocation k, the probability of a node u visited by at least one random explorer
is Pr(u, k)=1 — H,.E[m](l — P, ,(k;)) because each W; has the independent probability P, ,(k;) to visit u. By summing over all possible
nodes, the reward function is

"6ac®) = ey 0u(1 — Tiepm (1 = Piuk)) )
According to Eq. (2), for a non-overlapping multi-layered network, we can rewrite the reward function as:
rg,a,a(k) = Zie[m] Zuevi oy Pi,u(ki)' (8)

Remark. The bipartite coverage model abstracts the integration of graph structure and random-walk exploration into P, ,(k;),
thereby determining the reward function. Its generality allows seamless extensions, e.g., adding a new random walker to a layer
corresponds to inserting a node in W and associated edges in £’, without altering the fundamental properties of the reward function
or the applicability of our optimization and learning techniques.

4.2. Properties of the visiting probability

The quantities P, ,(k;)’s in Eqs. (7) and (8) are crucial for both our offline and online algorithms, and thus we provide their
analytical formulas and properties here. To analyze the property of the reward function, we apply the absorbing Markov Chain
technique to calculate P, ,(k;). For u & G, P, (k;) = 0; For u € G;, we create an absorbing Markov Chain P;(u) € R"*"i by setting the
target node u as the absorbing node. We derive the corresponding transition matrix P;(u) as P;(u)[v,-] = x‘;r if v = uwand P,w)[v,-] =
P,[v,] otherwise, where P,[v,-] denotes the row vector corresponding to the node v of P;, and y, = (0, ...,0,1,0,...,0)T denotes the
one-hot vector with 1 at the u-th entry and 0 elsewhere.? Intuitively, P,(u) corresponds to the transition probability matrix of ¢, after
removing all out-edges of u and adding a self-loop to itself in the original graph G,;. The random walker W; will be trapped in u if

3 When related to matrix operations, we treat all vectors as column vectors by default.

5
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Fig. 3. An example showing g, ,(k;) is not monotone.

it ever visits u. We observe that P, ,(k;) equals to the probability the random walker stays in the absorbing node u at step k; € Z
(trivially, P;,(0) = 0), if it starts from the initial distribution «a;, i.e.,

P, (k) = a] Pk~ x,. ©)]

To see this, the probability that node u has not been visited before (included) step k equals to aP(u)*~'(1 — y,), where 1 € R is the
all 1 vector. From this, we have 1 — Pr(u, k) = | — aP(u)*"! y,. Then define the marginal gain of P, ,(-) at step k; > 1 as,

8iu(ky) = Py (k) — By (ki — D). (10)

The physical meaning of g, ,(k;) is the probability that node u is visited exactly at the k;-th step and not visited before k;. Now, we
can show g; ,(k;) is non-negative,

Lemma 1. g, (k) >0 foranyie€[m], ue€V, k; € Z,.

This means P, ,(k;) is non-decreasing with respect to step k;. In other words, the more budgets we allocate to W, the higher probability
W, can visit u in k; steps.

Starting from Arbitrary Distributions: Although P, ,(k;) is monotone, i.e., non-decreasing, w.r.t k;, g; ,(k;) may not be monotonic
non-increasing under arbitrary staring distributions. Fig. 3 illustrates this using a classic barbell graph, shown in Fig. 3a, with two
densely connected clusters joined by a single path. A random walk starting at one end is likely confined to the first cluster initially,
yielding negligible marginal gain for reaching a target node in the distant cluster. However, once the walk crosses the connecting
path-a low-probability event requiring sufficient budgets—it gains access to the entire second cluster, causing a sharp spike in marginal
gain. This non-monotonic behavior is depicted in Fig. 3b, which shows that g; ,(k;) is not always non-increasing. Intuitively, there
may exist one critical step k; such that P, ,(k;) suddenly increases by a large value (see Section B.1). This means that P, ,(k;) lacks the
diminishing return (or “discretely concave") property, which many problems rely on to provide good optimization [21,22]. In other
words, we are dealing with a more challenging non-concave optimization problem for the discrete budget allocation.

Starting from Stationary Distributions: If our walkers start with the stationary distribution, the following property holds: g; ,(k;)
is non-increasing w.r.t k;.

Lemma 2. g (k;+1)—g (k) <0 foranyi€&[ml, ueV,k; € Z,, if a; = m;, where x] P, = x".

More interestingly, the stationary distribution x; is the only starting distribution for P, such that for any u € V,, k; € Z.,, g; ,(k; +
1) — g;,(k;) < 0 when P, is ergodic (the random walker can visit any node in finite steps starting from any node) and there are no self
loops (the random walker will not stay in the same node in any two consecutive steps) in G;. This means that the diminishing return
property is missing for most starting distributions. The proofs are included in the Appendix B.

5. Offline optimization for MuLaNE

This section develops our optimization algorithms for the offline MuLaNE problem, which serve as the foundation and performance
benchmark for the online learning setting. Our approach is to systematically analyze different scenarios, starting with the most
general case and then moving to more specialized settings where stronger theoretical guarantees can be achieved. First, we consider
the general case, where layers are overlapping and starting distributions are arbitrary. Next, we consider the starting distribution as
the stationary distribution, and give solutions with better solution quality and time complexity for the approximation algorithms.
Then we analyze special cases where layers are non-overlapping and give exact optimal solutions for arbitrary distributions. Table 1
summarizes the offline models and algorithmic results.

5.1. Offline algorithm for overlapping mulane

Starting from Arbitrary Distributions. Based on the equivalent bipartite coverage model, one can observe that our problem
formulation is a generalization of the Probabilistic Maximum Coverage (PMC) [7,23,24] problem, which is NP-hard and hasa (1 — 1/e)

6
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Table 1
Summary of the offline models and algorithms.
Overlapping? Starting distribution ~ Algorithm Apprx ratio  Time complexity
v Arbitrary Budget Effective Greedy (1 —e™")? O(Bllcl Mgy + llcllomn?, )
v Stationary Myopic Greedy (1-1/e) O(Bmny,, + ||c|\mmn§nax)
X Arbitrary Dynamic Programming 1 O(B||c|lom + ||c||mmnfmx)
X Stationary Myopic Greedy 1 O(Blogm + ||c||°°mnr3m)

2 1 —e™ ~0.357, where 7 is the solution of e” =2 — 5.

Algorithm 1 Budget effective greedy (BEG) algorithm for the overlapping MuLaNE.
Input: Network G, starting distributions a, node weights o, budget B, constraints c.
Output: Budget allocation k.

: Compute visiting probabilities (P, ,(6));e(muev serc;) according to Eq. (9).

: k = BEG((P, ,(b))iepm) uev belc;1505 B> ©)-

: Procedure BEG((Pi,u(b))ie[mj,uev,be[c,-p o, B, ¢)
: Letk :=(ky,....,k,) <0, K < B.
: Let Q « {(i,b)|i € [m],1 <b; < ¢}
: while K >0and Q # ¢ do

7: (i*,b%) « arg max cod(i, b, k)/b. {Eq. (11)}

8: Kk « kp +b*, K « K — b*.

9: Modify all pairs (i, b) € Q to (i, b — b*).

10: Remove all paris (i, b) € Q such that » < 0.
11: end while
12: for i € [m] do

13: if rg g o(ci X)) > g q5(k), then k < ¢, x;.

14: end for
15: return k := (k(, ..., k).
16: end Procedure

U AW N

approximation based on submodular set function maximization. However, our problem is more general in that we want to select multi-
sets from W with budget constraints, and the reward function in general does not have the DR-submodular property for an arbitrary
starting distribution. Nevertheless, we have the following lemma to solve our problem.

Lemma 3. For any network G, distribution a and weights o, rg 4 5(-) : ZZO — R is monotone and submodular.

Leveraging on the monotone submodular property, we design a Budget Effective Greedy algorithm (Algorithm 1). The core of
Algorithm 1 is the procedure of BEG. Let 6(i, b, k) be the per-unit marginal gain (r¢ 4 -(k + by;) — r¢ 4 5(k))/b for allocating b more
budgets to layer i, which equals to

2y Ou (1 = Py (k)P (ki + b) = Py (ki) /b. an

The BEG procedure consists of two parts and maintains a queue Q, where any pair (i, b)) € Q represents a tentative plan of allocating
b more budgets to layer i. The first part is built around the while loop (lines 6-10), where each iteration greedily selects the (i, b) pair
in Q such that the per-unit marginal gain (i, b, k) is maximized. If b is within the remaining budget, we allocate b to layer i; otherwise,
we proceed to the next iteration. The second part is a for loop (lines 12-13), where in the i-th round we attempt to allocate all ¢;
budgets to layer i and replace the current best budget allocation if we have a larger reward.

Theorem 1. Algorithm 1 obtains a (1 — e™") ~ 0.357-approximate solution, where 1 is the solution of equation ¢ = 2 — 1, to the overlapping
MuLaNE problem with an arbitrary starting distribution.

Proof. See Section C.1 for details. O

Line 1 uses O(m||c||mnr3n ) time to pre-calculate visiting probabilities based on Eq. (9), where n,,,, = max; |V;|. In the procedure
of BEG, the while loop contains B iterations, the size of queue Q is O(m||c||,), and line 7 uses O(n,,,,,) to calculate §(i, b, k) by proper

pre-computation and update, thus the time complexity of Algorithm 1 is O(Bl|c|| o mhp,y + m||c||°°nfnax).

Remark 1. The idea of combining the greedy algorithm with enumerating solutions on one layer is also adopted in previous works [12,
25], but they only give a %(1 — e~ = 0.316-approximation analysis. In this paper, we provide a novel analysis with a better (1 — e™") &
0.357-approximation, .

Remark 2. Another algorithm proposed by Alon et al. [12], based on partial enumeration techniques (i.e., BEGE), achieves a (1 — 1/e)
approximation ratio. This ratio is the best possible in polynomial time unless P = NP. However, the algorithm incurs prohibitively
high computational cost, with a time complexity of O(B*m*||¢|| o nax + Mllcll o> ). Similarly, the algorithm in Soma et al. [13] also

max max

7
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Algorithm 2 Myopic greedy (MG) algorithm for the non-overlapping MuLaNE.

1: Same input, output and lines 1-2 as in Algorithm 1, except replacing BEG with MG.
2: Procedure MG((P, ,(0))ic(m)uev pefc,]> > B> €)
3: Letk :=(k,...,k,) < 0, K < B.
4: while K > 0 do
5: i* « arg max;ep k,+1<¢; 90, 1, k). {Eq. (11)}
6: ki <~ ki +1, K « K—1.
: end while
: return k = (ky, ..., k,,).
9: end Procedure

0 N

achieves a (1 — 1/e) approximation ratio but with a time complexity of O(mB3n? ). We also provide the algorithm with a (1 — 1/e)-

approximate solution for the overlapping MuLaNE problem with arbitrary starting distributions, as detailed in the analysis in D.

Starting from Stationary Distributions. We also consider the special case where each random explorer W; starts from the
stationary distribution x; with ] P = x]. If a Markov chain P admits a stationary distribution x, the random walk will gradually
approach x from arbitrary starting distributions. Furthermore, in the random walk literature, the stationary distribution often gives

nice properties for the theoretical analysis. In this case, we have the following stronger DR-submodularity.

Lemma 4. For any network G, stationary distributions = and node weights o, function rg , , () * ZZ, — R is monotone and DR-submodular,
e, rgm,y+ %) —rg(@,y) < rg(m, x + x;) — rg(x, x), and rg(rw, x) < rg(n,y) forany x <y, j € [m).

Since the reward function is DR-submodular, the procedure of BEG can be replaced by the simple MG procedure in Algorithm 2
with a better approximation ratio. The time complexity is also improved to O(Bmn,,, + mllc|l,n3 ). As shown in Algorithm 2, first,
line 5 always select the pair (i*, b*) such that b* = 1 because rg(ar, k + by;) — rg(a, k + (b — 1) x;) < rgle, k + x;) — rgla, k) for arbitrary
k, i and b. Thus, Algorithm 1 can always extend the current budget allocation k by 1 and never enters line 10. Therefore, line 10 and
lines 12-13 of Algorithm 1 can be safely removed in Algorithm 2. Following a similar argument to the proof of Theorem 1, we can

show that the following theorem holds.
Theorem 2. Algorithm 2 obtains a (1 — 1/e)-approximate solution to the overlapping MulaNE with the stationary starting distributions.

Proof. See Section C.2 for details. O

5.2. Offline algorithm for non-overlapping MuLaNE

For the non-overlapping MuLaNE setting, we are able to obtain the exact optimal solution rather than merely an approximate one.
Specifically, under the stationary starting distribution, a slight modification of the greedy algorithm (Algorithm 2) yields the exact
optimum; for arbitrary starting distributions, we further design a dynamic programming algorithm that computes the exact optimal
solution (see E).

6. Online learning for MuLaNE

This section addresses the online overlapping and non-overlapping MuLaNE problem, where the structure of the network ¢, the
distribution a, and node weights ¢ are not known a priori. Instead, the only information revealed to the decision maker includes total
budget B, the number of layers m, the number of the target nodes | V| (or an upper bound of it), and the budget constraint c. For the
unknown network structure, our solution is to estimate certain intermediate parameters, instead of estimating the graph structure
(namely the transition probability matrix P,) and the starting distribution . While one could try to estimate each transition probability
matrix P, directly, this method presents two major issues. First, it is difficult to analyze how the estimated P, affects the performance
of online algorithms, since the reward function given by Eq. (7) is highly non-linear. Second, this method requires extensive matrix
calculations in each round, which is inefficient for large networks. Subsequently, our solution bypasses the transition matrices P,
and instead directly estimate the visiting probabilities P, ,(b) € [0, 1]. For unknown node weight o,, we maintain an optimistic weight
before we first visit u. With a little abuse of the notation, we use u to denote the unknown visiting probability parameters and r, ;(k)
to denote the reward rg , (k).

Specifically, we maintain a set of base arms A = {(i,u, b)|i € [m],u € V,b € [¢;]}, where the total number |A| = Zie[m] ¢;|V|. For
each base arm (i, u, b) € A, we denote y; , , as the true value of each base arm, i.e., y; ,, = P, ,(b). For the unknown fixed node weights,
we maintain the optimistic weight 5, = 1 if u € V has not been visited. After u is first visited and its true value o, is revealed, we
replace 6, with ¢,. Beyond the fixed-node-weight scenario, we also consider the more complex case of random node weights, which
will be detailed in subsequent sections.

To provide a high-level overview of our online learning framework, we present the complete workflow in Fig. 4. The process is
an iterative feedback loop designed to operate on an initially unknown network structure. In each round, the agent begins with its

8
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Use estimated network Optimize Budget allocation k
Offline oracle

v

Key term that balances
exploration-exploitation

UCB 11 = i + py

Compute upper | = (fl1, oo i) Observe
confidence < trajectories as <
Bound i Update learned feedback Apply budget
visiting probability allocation k

Fig. 4. Complete iterative process of MuLaNE.

current estimates of the network parameters (e.g., the visiting probabilities). It first calls an offline oracle to determine an optimized
budget allocation k, based on these estimates. The agent then executes the exploration by performing random walks according to this
budget and observes the resulting trajectories as feedback. This new information is used to update and refine the learned parameters
for the next round. This cycle of budget optimization, exploration, observation, and model refinement continues for 7 rounds, with
the overarching goal of maximizing the total cumulative reward by progressively learning a more accurate representation of the
network’s dynamics.

6.1. Online algorithm for overlapping MuLaNE

We present our algorithm in Algorithm 3, which is an adaptation of the CUCB algorithm for the general Combinatorial Multi-arm
Bandit (CMAB) framework [7,26] to our setting. Notice that the set of base arms .4 is defined using V, the set of node IDs, which
is not known before the learning process begins. This is handled by operating on a known size of the node set |V|. At the start,
the algorithm creates |V| placeholders for the node IDs. As new, previously unseen nodes are visited during exploration, they are
dynamically assigned to these placeholders. Therefore, the use of V in the definition of A is for notational convenience and refers to
this dynamic placeholder set.

In Algorithm 3, we maintain an unbiased estimation of the visiting probability P, ,(b), denoted as 4; , ,. Let T; , , record the number
of times arm (i, u, b) is played so far and 6, denotes the optimistic importance weight. In each round ¢ > 1, we compute the radius
piyp in line 5, which controls the level of exploration. The confidence radius is larger when the arm (i, u, b) is not explored often (i.e.
T;, 5 is small), and thus motivates more exploration. In line 6, we compute the upper confidence bound (UCB) value j, , ,. Due to
the randomness of the exploration process, the upper confidence bound (UCB) value ji; , , could be decreasing w.r.t b, but our offline
oracle BEG can only accept non-decreasing UCB values (otherwise the 1 — e~ approximation is not guaranteed). Therefore, in line 8,
we increase the UCB value f;, , , and set it to be max ¢, 4, ;- This is the adaption of the CUCB algorithm to fix our case, and thus we
name our algorithm as CUCB-MAX. Consider two base arms a; = (i,u, b;) and a, = (i,u, b,), b; < b,, arm a, has both larger true value
and larger confidence radius (7;,,, is smaller due to line 13), so it is safe to increase a,’s UCB value if it is smaller than a,’s. After
we apply the 1 — e™ approximate solution k given by the oracle (i.e., Algorithm 1), we get m trajectories as the feedback. In line 11,
we can update the unknown weights of visited nodes. In line 13, for base arms (i, u, b) with b < k;, we update corresponding statistics
by the Bernoulli random variable Y; , , € {0, 1} indicating whether node u is visited by W/ in first b steps.

Regret Bound Analysis. To state the regret bound, we first give some definitions followed by our main result. We define the
reward gap A; as max(0, ér,w(k*) = rpe(k) for all feasible action k satisfying Zl'.": ki = B, 0 < k; < ¢;, where k* is the optimal solution
for parameters u, o and & = 1 — ¢ is the approximation ratio of the (&, 1)-approximate offline oracle. For each base arm (i, u, b), we
define A;::: miny, o ,— A and AMb— max, >0.k,=b A As a convention, if there is no action k with k; = b such that A;>0, we define

iub

iub_ iub__ o iub _ K
A =c0 and Ay =0. Let Ay =ming , ye 4 A" and Ay =max, pes Amax-

Theorem 3. Algorithm 3 has the following distribution-dependent (1 — e™", 1) approximation regret, O( Yliube %).

‘min

Proof. See Section F.2 for details. O

Remark 1. Looking at the above distribution-dependent bound, we have the O(log T') approximation regret, which is asymptotically
tight. Coefficient m|V| in the leading term corresponds to the number of edges in the complete bipartite coverage graph. Notice that
we cannot use the true edge number Y, |V;|, because the learning algorithm does not know which nodes are contained in each
layer, and has to explore all visiting possibilities given by the default complete bipartite graph. For the non-overlapping case, we will
remove the coefficient m|V| to achieve a tighter regret bound.

Remark 2. The (1 — 7", 1)-approximate regret arises from the offline oracle BEG used in line 9. This can be improved to (1 — 1 /e, 1)
regret by employing BEGE, or even to the exact regret if the oracle computes the exact optimal budget allocation. The usage of BEG
is a trade-off we make between computational efficiency and learning efficiency, and empirically, it performs well as we shall see in
Section 7.
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Algorithm 3 CUCB-MAX algorithm for the MuLaNE.

Input: Budget B, number of layers m, number of nodes |V|, constraints ¢, offline oracle BEG.
1: For each arm (i,u,b) € A, T, < 0, f;,, < O.
2: For eachnode v €V, 6, « 1.
3 fort=1,2,3,...,T do
4: for (i,u,b) € A do
5t prup < 3T/, p).
6: ﬁi,u,b - min{ﬁi,u,b + Piub 1}
7: end for
8: For (i,u,b) € A, fi; ), < maX;epp fiyj-
9: k < BEG((#; 4 )i utye s> (Gu)vevs B, ©).
10: Apply budget allocation k, which gives trajectories X := (X ;,..., X )ie[m as feedbacks.
11: For any visited node v € ;g { X.15 -+ » Xi g, ) T€CEiVE its node weight 6, and set &, « o
12: For any (i,u,b) € 7 := {(i,u,b) € A|b< k,},
Y,p < lifue {X;;,...,X;,} and 0 otherwise.
13: For (i,u,b) € 7, update T; , , and j; , -
Ti,u,b - Ti,u,b +1, ﬁi,u,b - ﬁi,u,b + (Yi,u,b - ﬁi,u,b)/Ti,u,b‘
14: end for

ve

Remark 3. The full proof of the above theorem is included in the F, where we rely on the following properties of r,, ;(k) to bound
the regret. We further consider random node weights with unknown mean vector o (Please refer to F.3).

Property 1. (Monotonicity). The reward r, (k) is monotonically increasing, ie., for any budget allocation k, any two vectors
H=(H; up)iubeas B =], ) iunea and any node weights o, o', we have r,, 5 (k) < ryp o (K), if pyyp < 1, 0, < 07, V(i,u,b) € A,V EV.

Property 2. (1-Norm Bounded Smoothness). The reward function r, (k) satisfies the 1-norm bounded smoothness condition, ie.,

for any budget allocation k, any two vectors u=({; , ;)i upecas ”’=(”;,u,b)(i,u,b)e 4 and any node weights o, o', we have |r, (k) —
!

Iyt ot (K| Zie[mmev,b:k, CAY /4,-,,,,[,| + |Uu - ‘7,;|/4,(,u’,,)~

Analysis Technique. We emphasize that our algorithm and analysis differ from the original CUCB algorithm [7] as follows. First,
we have the additional regret caused by the over-estimated weights for unvisited nodes, i.e., |s, — ¢/ |le,u,b term in Property 2. We
carefully bound this term on the basis of the observation that ”;,u, , is small and rapidly decreases before u is first visited. Next, we have
to take the maximum (line 8) to guarantee that the UCB value is monotone w.r.t b since our BEG oracle can only output the (1 — e, 1)
approximation with monotone input. Due to the above operation, the value of the (i, u, b)’ UCB depends on the feedback from all arms
(i,u,j) for j < b (set z in line 12). So we should update all these arms (line 13) to guarantee that the estimates for all these arms
are accurate enough. Finally, directly following the standard CMAB result would have a greater regret upper bound, because arms
in 7 are defined as triggered arms, but only arms in ¢/ = {(i,u, b) € A|k; = b} affect the rewards. So we conceptually view arms in
7’ as triggered arms and use a tighter 1-Norm Bounded Smoothness condition as given above to derive a tighter regret bound. This
improves the coefficient of the leading InT term in the distribution-dependent regret bound by a factor of |z|/|7'| = O(B/m), and the

iub

1/ A]’n‘:rf’ term is smaller since the original definition would have A" = miny, ¢ 5<r, Ag-

6.2. Explorer-relaxed online algorithm for overlapping MuLaNE

As shown in Algorithm 4, we now introduce an explorer-relaxed online algorithm called ECUCB-MAX. By “explorer-relaxed”, we
mean an algorithm whose regret scales sub-linearly in the number of explorers m, rather than linearly as in previous work, making
it substantially more scalable for large network layers. The overall structure of Algorithm 4 is similar to Algorithm 3. However, in
addition to maintaining the empirical unbiased estimate f; , , for the visiting probability P, ,(b), Algorithm 4 also tracks the empirical

3logt
2Ti.u,b

variance estimate V;,, , for each tuple (i, u, b). In contrast to Algorithm 3, which constructs the confidence interval p, ,, = using

the Chernoff-Hoeffding inequality, ECUCB-MAX employs the empirical variance 17,-.“, to form a more refined confidence interval based
on the Bernstein inequality:

6Vi,plogt  9logt
= — . 12
pl,u,b T',u,b + T. ( )

i iub

For the first term in Eq. (12), 17131,,,, is approximately equal to the true variance V;, ,. With V; , , < (1 — ”i,u.b)/‘i,u,b4’ the estimation of
;. » becomes more precise when y; , , approaches 0 or 1, effectively mitigating the influence of |V|, which will be discussed in detail

4 For a bounded random variable X € [0, 1] with mean , variance V = E[X?] — E[X]> < E[X] — (E[X])> < (1 — u)u, with equality for a Bernoulli
random variable.

10
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Algorithm 4 ECUCB-MAX algorithm for the MuLaNE.
Input: Budget B, number of layers m, number of nodes |V|, constraints ¢, offline oracle BEG.
1: For each arm (i,u,b) € A, T, < 0, f;,, < O.
2: For eachnode v €V, 6, « 1.
3 fort=1,2,3,...,T do
4: for (i,u,b) € A do

5: . «—
p,’u’b Tl,u.b Ti,u,b
6: ﬁi,u.,b < mln{ﬁi,u,b + pi,u,b’ 1}
7: end for

8: For (i,u,b) € A, [i; ), < maX ey fjyj-
9 k< BEG((ﬁi,u,b)(i,u,b)eA’ (Bp)vevs B, €).
10: Apply budget allocation k, which gives trajectories X := (X, ..., Xy )iem as feedbacks.
11: For any visited node v € ;g { Xi.1» -+ Xig, }> T€Ceive its node weight ¢, and set &, « o,
12: For any (i,u,b) € 7 := {(i,u,b) € A|b < k;},
Y,,p < 1ifue {X;,,...,X;,} and 0 otherwise.

13: For every (i’u’ b) € Tts update Ti,u.b’ Vi,u,b and ﬁi,u,b: Ti,u,b « T},u,b + 1’ ﬁi,u,b < ﬁi,u,b + (Xi,u,b - ﬁi,u,b)/]-},u,b’ Vi,u,b <
Tiup—!

A 1 n 2
Tiub (Vi,u,b + Trus (/’li,u,b - Xi,u,b) )

i

14: end for

later. The second term of Eq. (12) compensates for using the empirical variance 17,.%,, instead of the unknown true variance V;, ,,
which will be shown in G.2.1.
Regret Bound Analysis. Following the definition in Section 6.1, we have the following theorem.

( [V|log(m|V])log T
NS

'min

Theorem 4. Algorithm 4 has the following distribution-dependent (1 —e™",1) approximation regret, O(Z(i,u,b)e 4 +

m|V
log < e ) log T)) :

Proof. See Section G.2 for details. [

Remark 1. Taking into account the upper bound of regret above, the dependence on the number of explorers m is O(logm). In

comparison to Theorems 3 and 4 provides a strictly better regret bound, with an improvement factor of O( ﬁ)

Remark 2. In comparison to Wang and Chen[17], our results match theirs up to a factor of O(log m|V|). Regarding the lower bound,
based on the findings of Merlis and Mannor [27], our regret bound remains tight within the same factor. Compared to Liu et al. [28],
we have removed a factor O(log m|V|) from the second main term in the regret upper bound by effectively reducing the influence of
observation randomness.

We then introduce a new property discovered for the MuLaNE problem based on Algorithm 4.

Property 3. (Precision-Balanced Bounded Smoothness). The reward function r, ,(k) satisfies the precision-balanced bounded smooth-
ness condition, ie., for any budget allocation k, any two vectors p=(i;,p)iupes M =H+E, +1,= Viunes and any node
weights o, ¢’ = o+, +n, where {,n€[-1,1]" represent the parameter change, we have the inequality |r, ,(k) =7 o(K)| <

gzi,u 2,
V' 1.25V] \/ZMEV(ZiE[M],b:k‘.( K )+ )+ Zuev(zie[m],b:k,- )”I,,,,‘,u,b

U=Hi b Hi b (I=0,)a,

+ | ])-

Remark 3. Although the impact of |V| can increase significantly with abrupt reward changes when y; , , approaches 0 or 1, intro-
ducing the term 1/(1 — y;,,)1;,, amplifies the square root term in these cases, thereby mitigating the negative effect. Moreover, as
i, n€ars 0 or 1, the variance V;, , diminishes, allowing for “a more precise estimation” of y; , ,. This high estimation precision leads
to a smaller estimation gap, introducing a variance-related term that offsets the challenging (1 — y; , ,)#; , , term in the denominator.
This reveals an inherent balance: regions where the reward function is less smooth are precisely where its underlying parameters can
be estimated with higher precision. Since this property captures the balance between estimation precision and the smoothness bound, we
refer to it as “Precision-Balanced Bounded Smoothness”.

Analysis Technique. In addition to the analysis technique in Section 6.1, the proof for Theorem 4 is more challenging than that
for Theorem 3. Drawing inspiration from Liu et al. [28], our approach filters the total regret through several events and bounds the
regret for each filtered event separately. As shown in G.2, the event contributing most to the regret is E, = {Ay, < ek}, where

Tiub Tiub
the reverse amortization trick [17,29], and adaptively allocate each arm’s regret contribution, carefully selecting thresholds for the
error term e,(k,) specific to the MuLaNE problem rather than relying on those in Wang and Chen [17], Liu et al. [28]. Additionally,
our analysis holds for both the primary model of “fixed but unknown” node weights and the more general stochastic model where
weights are “random variables” with an unknown mean (as detailed in G). In both settings, we avoid the triggering probability group
technique from Wang and Chen[17], Liu et al. [28] and instead minimize observation uncertainty.

the error term e, (k;) = O(|V| \/ZMEV I—p— (k’—g') + Yuey Dicimlbek, ( Jogt )). To bound the leading regret filtered by E,, we use

11



X. Dai, X. Liu, J. Zuo et al. Artificial Intelligence 354 (2026) 104500

%103 Offline optimization %103 Offline optimization
0.70-
0.68
2 2
S0.66 » 5
e —-@- BEG 2
Zo.64 —&— MG g
= - BEGE =
0.62 —+— OPT
PROP-W
0.60 ¢ —*— PROP-S
25 26 27 28 29 30 25 26 27 28 29 30
Total Budget B %102 Total Budget B x102
(a) Offline, overlap. (b) Offline, nonoverlap.
Fig. 5. Total weights of unique nodes visited for offline algorithms.
x10°3 Online optimization %103 Online optimization
121 4 CUCB-MAX (v = 0.01) —&— CUCB-MG (v = 0.01)
10 8 CUCB-MAX (5 = 0.05) 107 @ CUCB-MG (v = 0.05)
TS 8 TS
g, —*— e-Greedy (e = 0.01) 1 —— e-Greedy (e = 0.01)
= —*— EMP = —>— EMP
g S 6
> 6 > /’//K
[ L5 =
o o
4 41 _g
2 21
0 0
0 5 10 15 0 5 10 15
Round T x102 Round T %102
(a) Online, overlap. (b) Online, nonoverlap.

Fig. 6. Cumulative regret for online algorithms when B = 3000.

Table 2

Statistics for FF-TW-YT network.
Layer FriendFeed  Twitter ~ YouTube
# of vertices 5540 5702 663
# of edges 31,921 42,327 614

6.3. Online algorithm for non-overlapping case

For the non-overlapping case, we set layer-wise marginal gains as our base arms. Concretely, we maintain a set of base arms
A = {(i,b)|i € [m],b € [¢;]}. For each base arm (i, b) € A, let y;, = 3,y 6,(P,,(b) — P, ,(b— 1)) be the true marginal gain of assigning
budget b in layer i. We apply the standard CUCB algorithm to this setting and call the resulting algorithm CUCB-MG (Algorithm 8 in
H). Note that in the non-overlapping setting, we can solve the offline problem exactly so that we can use the exact offline oracle to
solve the online problem and achieve an exact regret bound. This is the major advantage over the overlapping setting where we can
only achieve an approximate bound. Define A = r, ;(k*) — r, ;(k) for all feasible action k, and A;’gn =miny, 5 ,>p Ak, CUCB-MG has

a0(X;pes 48BIn T/A;’]bm) regret upper bound.

7. Experiments

Experimental Settings. We firstly conduct experiments on a real-world multi-layered network FF-TW-YT dataset, which contains
m =3 layers representing users’ social connections in FriendFeed (FF), Twitter (TW) and YouTube (YT) [30]. This multi-layered
network is built upon the FF network, and the TW and YT layers are generated by exploiting the feature of FriendFeed as a social
media aggregator. In total, FF-TW-YT has 6,407 distinct vertices representing users and 74, 836 directed edges representing connections
(“who follows whom") among users. The statistics for each layer is summarized in Table 2. We transform the FF-TW-YT network
GV, €) into a symmetric directed network (by adding a new edge (v, u) if (u,v) € € but (v,u) ¢ &) because a user can be visited via
her followers or followees. Each edge weight is set to be 1 and the node weights are set to be o, € {0,0.5, 1} uniformly at random.
Each random walker always starts from the smallest node-id in each layer and we set constraints ¢; equal to the total budget B. Note
that in order to test the non-overlapping case, we use the same network but relabel node-ids so that they do not overlap between
different layers.

12
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Table 3
Running time (seconds) for offline algorithms
with different budgets B.

(a) Offline, overlapping case.

Algorithm  B=2.6k B=28k B=3.0k

BEG 0.274 0.316 0.363
BEGE 34.37 45.51 59.20
OPT 91.16 98.42 105.63

(b) Offline, non-overlapping case.

Algorithm  B=2.6k B=2.8k B=3.0k

DP 0.038 0.044 0.050
MG 0.008 0.009 0.010
OPT 70.10 75.78 81.11

—e— CUCB-MAX (y=0.01)
175 CUCB-MAX (y=0.05)

—&— ECUCB-MAX (y=0.01)
150 | —4— ECUCB-MAX (y = 0.05)
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Round T

Fig. 7. Comparison of online algorithms with same offline algorithm in the complex overlapping case.

Similarly, we utilize the RocketFuel dataset [31], which represents a real-world computer network. Our analysis focuses on a
randomly selected network from this dataset, comprising 300 nodes and 549 edges. We calculate and normalize the centrality of the
interconnectivity for each node to represent the edge weight, a metric that indicates the functional importance of the node within
the network [32]. A node’s capacity is positively correlated with its functional importance; the greater the capacity, the higher the
likelihood that the node remains operational. Identifying such nodes is crucial for a random walker aiming to maximize the discovery
of important nodes, with m also set to 3. To handle the randomness, we repeat 10, 000 times and present the averaged total weights of
the unique nodes visited for offline optimization. We calculate the cumulative regret by comparing with the optimal solution, which
is stronger than comparing with the (1 — e™", 1)-approximate solution as defined in Eq. (4).

Benckmarks. For the offline setting, we present the results for Algorithm 1 (denoted as BEG), Algorithm 2 (denoted as MG),
BEG with partial enumeration (denoted as BEGE) and the dynamic programming algorithm in the supplementary material (denoted
as DP). We provide two baselines PROP-S and PROP-W, which allocate the budget proportional to the layer size and proportional
to the total weights if we allocate B/3 budgets to that layer, respectively. The optimal solution (denoted as OPT) is also provided
by enumerating all possible budget allocations. For online settings, we consider CUCB-MAX (Algorithm 3), ECUCB-MAX (Algorithm
4) for the overlapping case, and CUCB-MG for the non-overlapping case (Algorithm 8). We shrink the confidence interval by y,
i.e., piyp < ¥Piup» to speed up the learning, though our theoretical regret bound requires y = 1. For baselines, we consider the EMP
algorithm which always allocates according to the empirical mean, and the e-Greedy algorithm which allocates budgets according
to empirical mean with probability 1 — ¢ and allocates all B budgets to the i-th layer with probability ¢/m. We also compare with
the Thompson sampling (TS) method [29], which uses Beta distribution Beta(a, f) (Where « = f = 1 initially) as prior distribution for
each base arm.

Experimental Results. We first present the results of the social network dataset for the MuLaNE problem under the offline setting
in Fig. 5. For the offline overlapping case, both BEG and MG outperform two baselines PROP-W and PROP-S in receiving total
weights. Although not guaranteed by the theory, BEG is empirically close to BEGE and the optimal solution (OPT). For computational
efficiency, in Table 3a, BEG is at least two orders of magnitude (e.g., 163 times when B = 3.0k) faster than BEGE and OPT. Combining
the result that the reward of BEG is empirically close to BEGE and the optimal solution, this shows that BEG is empirically better than
BEGE and OPT. For the offline non-overlapping case, the results presented in Table 3b are similar; however, a key distinction is that
we provide a theoretical guarantee for the optimality of DP.

For the online setting, as shown in Fig. 6, all of our proposed algorithms consistently outperform the baseline methods. For the
online overlapping case, the curve of CUCB-MAX grows sub-linearly w.r.t round T under the social network dataset, because our
offline oracle achieves near-optimal solutions. Moreover, the cumulative regret decreases and consistently outperforms baseline algo-
rithms when y = 0.1, 0.05. The resulting sub-linear cumulative regret curve demonstrates empirically that the CUCB-MAX algorithm is
effectively learning to make near-optimal budget allocation decisions while optimizing the objective. Moreover, as shown in Fig. 7 on
the computer network dataset with the offline algorithm, ECUCB-MAX exhibits lower regret compared to CUCB-MAX with the same
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number of random walkers, and shows less fluctuation due to the consideration of variance. In the non-overlapping case, the CUCB-
MG algorithm outperforms both baseline approaches. Additional experimental results, including variations in budgets, stationary
starting distributions, and the computational efficiency of different online learning algorithms, can be found in I.

8. Conclusion

This paper explores the multi-layered networks through random walks (MuLaNE), where the objective is to maximize the total
weight of distinct nodes visited across multiple layers. We systematically study the MuLaNE problem in both offline optimization
and online learning settings, considering both overlapping and non-overlapping networks. For the offline setting, we propose four
algorithms based on the network’s structure (overlapping or non-overlapping) and the nature of the starting distributions (arbitrary
or stationary). Each algorithm is accompanied by provable guarantees on approximation factors and running time. In the online
setting, where the network structure and node weights are unknown, we develop two distinct online learning algorithms for the more
complex overlapping MuLaNE, while also addressing the non-overlapping case. All of these algorithms achieve a logarithmic order
regret bound on the total rounds. Finally, we validate the empirical performance of our algorithms through experiments on real-world
social and computer network datasets.

Several promising directions remain for future work. One interesting extension would be to allow joint optimization of the starting
distributions and budget allocations. Additionally, exploring adaptive versions of MuLaNE, where feedback from earlier exploration
informs future strategies, presents a compelling avenue for further research.
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Appendix A. Appendix overview

The appendix is organized as follows. We provide proofs and examples for properties of the visiting probability in B. Proofs of
offline optimization for overlapping MuLaNE are provided in C. We provide the detailed budget-effective greedy algorithm with partial
enumeration (BEGE) and its analysis in D. Proofs of offline optimization for non-overlapping MuLaNE are provided in E. We state the
detailed analysis of online learning and explorer-relaxed online learning for overlapping MuLaNE in F and G, respectively. We state
the analysis of online learning for non-overlapping MuLaNE in H. Supplemental experiments are provided in I.

Appendix B. Proofs and examples for properties of visiting probability

B.1. Starting from arbitrary distributions
Proof. For analysis, we use the following equivalent formulation for k; > 2, (trivially P, ,(0) = 0 and P, ,(1) = a; ),

Pk = (@)l @), + ;). (B.1)

where (), = I+ ;) + ... + T, ~2)(p)y> Py = Bl ul)_,, T;w) = (P,)_,_,, (we use Eq. (2.67) in Kijima[33] to derive
T,;.). Note that p_, € R""! is the vector obtained by deleting the u-th element from p € R", and P_,_, € R~V is the matrix
obtained by deleting the u-th row and the v-th column from P € R"™".
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We further derive the marginal gain of P, () at step k; > 2 (trivially g; ,(1) = &; ) as,

8iu(ki) = (@)L T, > (py),. (B.2)

T

Now, we can show g; ,(k;) is non-negative because any element of (a;)_,

non-decreasing with respect to step k;. [

T;(u) and (p,;), are non-negative, which means P, ,(k;) is

An example showing g; ,(k;) is not monotone: Consider a path P; with three nodes as the i-th layer G;(V;, &), where V; = {u, v, w}
and &; = {(u, v), (v,u), (v, w), (w,v)}. If the W; always starts from the left-most node u and chooses the right-most node w as our target
node. Then, g; (1) = g; ,(2) = 0 but g; ,,(3) > 0 since at least three steps are needed to visit the node w, which shows that g; ,(k;) is
not always non-increasing.

B.2. Starting from the stationary distribution

Proof. Consider any layer L; with transition probability matrix P,, if we start from the stationary distribution z;, the probability that
node u € V is ever visited in the first k; steps is P, ,(k;) = (x)] (T, + 7;,, where (Ty),, = (I + ;) + ... + T,@)*2)(p;),, T;(w) =
(P> Py = (P[-,ul)_,. Then the marginal gain for node u is g; ,(k;) = P, ,(k;) — P, ,(k; — 1) = ()T T;(w)*i~2(p;), for k; > 2 and
8iu(k;) = m;, when k; = 1.

Define the margin of the marginal gain as A, ,(k;) = g;,(k; + 1) — g;,(k;). When k = 1, A, 1) = g;,(2) = g, (1) = (&)L, - (), — 7, =
T = 73 Pl = 7, = =, Pl u] < 0. When & 2 2, 8,(k) = 8, (k; + D) = 8, (k) = (), (T,@"~" = T,@")(p,),. Because | P; =
x], wehave (r)" - (x)T P/(u) = r;,(q,)], where (q,)] = (P,[u,-])_,. Thus, A, ,(k;) = —(=;,)(q;)] T;@)*~*(p;), < 0 because any element
in m;, (qi)I, (py), and P;(u) is non-negative. [

More interestingly, the stationary distribution ; is the only starting distribution for P, such that any u € V,, k; € Z,, g; ,(k; + 1) —
g4(k;) <0 when P, is ergodic and there are no self loops in G;.

Proof. With a little abuse of the notation, we use P to denote the transition probability matrix P, € R™" and let P, ; be the element
in the i-th row and the j-th column. Since P is ergodic, according to Theorem 54 in Serfozo [34], there exists a unique and positive
stationary distribution z = (7, ..., ,), i.e., #P = = and x > 0. Any starting distribution a can be represented by = + €, where ¢ =
(€1, .- »€,) is a perturbation vector, and —z; <¢; <1 —x;,j € [n]. We have the following equation for the margin of marginal gains
for node u in the first two steps,

A, =g, ()= ,2) = (1, +€)— Y (1, +€)P,,
Jj#u
= ”uPuu te, - Z €/1)js”'
J#u
Since G has no self loops, i.e., P,, = 0, we have A, =¢, — ¥, ¢;P; ,, and we can verify that 3 1A, = X, c(n(1 = Xz, P.j)e, = 0.
Hence, we have to guarantee A, = 0 for all u, otherwise there will exist a node u such that A, < 0. To ensure A, = 0, we need to ensure
€P = e by rephrasing the equations A, = 0 for all u. Again, since there exists a unique and positive stationary distribution for P and
Zue[n] €, =0, we can derive € = fx, where § has to be 0. Therefore, combined with Lemma 2, the stationary distribution is the only
starting distribution such that for any P, any u € V,, k; € Z,, g; ,(k; + 1) — g; ,(k;) <0. O

IR

Appendix C. Proofs of Offline Optimization for Overlapping MuLaNE

C.1. Starting from the arbitrary distribution

Proof. By definition, we need to show rg g o(X A Y) +rga6(X VY) S rga (%) +rgqq(y) forany x,y € Z7 ), and rg 4 o(X) < rg g 4(y) if
x<y.

(Monotonicity.) By Eq. (7), rgqs(k) = X ,cp0,(1 - Hie[m](l - P, ,(k)))). Since P; ,(x;) < P; ,(x; + 1), for any j € [m,v €V, x; €
Z, we have

rg’a’a(x + )(j) — rg’a,a(x)
= o ([T (1= PuGon(Pu(x; + 1) = P (k)))
vey i#j
>0,
for any x € Z;’O, J € [m]. Then we can use the above inequality repeatedly to show that r¢ 4 ,(x) < rg 4 -(¥) when x < y.
(Submodularity.) For submodular property, it suffices to prove that (1 — H,.E[m](l — P, ,(k;))) is submodular for any v € V, because

a positive weighted sum of submodular function is still submodular. We will rely on the following lemma to prove the submodularity
of rg 4 6(K).
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Lemma 5. Function f : Z) — R is submodular if and only if

Fx+x) = f) = fx+x;+ 1) — f(x+ x)),

(C.1)
forany x € 27, and i # j.

Proof.
(If part.) We first prove, if Eq. (C.1) holds, the following inequality holds,

S&x+x)—f) 2 f+x)—fy) (C.2)

for any x < y and i € [m] such that x; = y;.
Let Iy={i€[m]: x;=y;},I, ={i €[m] : x; <y;}. For any x <y, we denote the elements in I; by i,...,i; and write y = x +

Z‘;zl @ X, where «; = y; — x;. For any i € I, we have

fx+x)-fx)

2 fx+x, +x)- &+ 1)

2 fx+2x, +x)— f(x+2x)

> ...

2 feta x, +x) - fx+a )

2 fx+o 0 +x, X)X+ 0 +x,)

2 [+ a0 o X, +x) - Fx+a x +a,x,)
> ...

> foe+ Do, + ) - f(x+
j=1

N
aj)(ij)
Jj =1

J
=fy+x)-f©). (C.3)
Then for any i € I, and a € Z,,, we have
f(x+ax) - fx)

D (fx+ix) - Fex+G = Dxy)

=1

> (fy+ix) - f@+G-Dx)
J

~.

=1
2 fy+ax) - fy. (C.4)
The first inequality holds because of Eq. (C.3),thefactx+(i— Dy, <y+(-Dyandx;+j—-1=y;+j— 1.
Then for any x,y € 727 ,let I, = {i € [m] : x; > y;} = {iy,...,i;}. We have

>0’

JX)=fxAy)

s 1
= (f<x/\y+ (x,-j—y,-j)x,-,>
I=1 j=1
-1
—f<x/\y+2(xij—y,-j)xf,>>
j=1

s 1
= (f<y+ D, —yij.)x,-,.)
I=1 j

Jj=1

-1
—f<y+ (xi/._yl‘/)xij>>
=1

=fxvy) - fy.

i

The inequality is derived from Eq. (C.4) because y + Z};ll (i, =YX, Z XAy + 25;1] Gy, = yi)x, forany0 </ < sand (x A y);, = ¥y,

which concludes the if part.
(Only if part.) Assume f is submodular, let a = x + ;. (¥)x + x;,i # j, we have a Vv (F)x + x; + x;, a A(S)x. f(x+ x;) — f(x) =
f@-fan@2flav@-f(D=fx+x+x)—fx+x) O

Then, by Lemma 5 and the explicit formula of the reward function given by Eq. (7), we can prove g(x,v) —g(x + x;,v) >
glx+x;,v)—g(x+ x + x;,v) for any x € Zz3, veY and [ # j € [m], where g(x,v) = Hie[m](l - P, ,(x;)). This holds due to the
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fact that the left hand side equals to (Hie[m]\{j,l}(l - P,.,U(x,.)))(l = P; ,(k))(P, ,(k; + 1) = P, ,(k;)) and the right hand side equals to

(Hie[m]\(j’,}(l - P,.,L,(x,.)))(l - P; ,(k; + D)(P,,(k; + 1) = P, (k;), and the left hand side is larger or equal to the right hand side be-
cause (1 — P; ,(k;)) > (1 = P; ,(k; + 1)). By summation over all nodes v € ¥V with node weights o, € [0, 1], we can prove the reward
function is submodular. O

Proof. For theoretical analysis, we first give a modified version of Algorithm 1, which both provide the same solution k given the
same problem instance (G, a, 6, B, ¢). To see this fact, the modified Algorithm 1 considers invalid tentative allocations (i*, b*) (adding
it will exceed the total budget constraint B) and remove them if »* > K, while Algorithm 1 only considers valid allocations by directly
removing invalid allocations in advance in line 10 of Algorithm 1.

With little abuse of the notation, we use r(k) to represent the reward rg, (k) of a given problem instance. Let k* € Z’;’O denote
the optimal budget allocation and k/ € 77, denote the budget allocation before entering the j-th iteration of the while loop in the
modified Algorithm 1. After entering the j-th iteration, the algorithm tries to extend the current budget allocation k/ by choosing the
pair (i*, b*), which we denote as (i/, »). Let s be the first iteration we can not extend the current solution, i.e., k* = k’*! and k/ < k/+!
for j =1,...,s — 1. If we can always extend the current solution, we set s to be B + 1. For analysis, we temporarily add (i*, b*) (which
is removed later on in the s-th iteration) to form a "virtual" budget allocation k**' = k® + b*y;s. Let k, € 77, denote the solution
returned by the modified Algorithm 1.

We first introduce lemmas describing two important properties given by the submodularity over the integer lattice. O

Lemma 6. Soma etal.[13]. Let f : ZT; — R be a submodular function. For any x,y € Z7,, we have,

fxvy
<f@+ Y (f(x+0i-x)x) - f().

i€supp* (y—x)

(C.5)

Lemma 7. Somaetal.[13]. Let f : ZT; — R be a monotone submodular function. For any x,y € ZZ with x <y and i € [m] we have,

FxVky) =)= f(yVkx)—fy. (C.6)

Then, we have the following lemma.

Lemma8. Forj=1,...,s,

ik > (1 - %)r(kf) + %r(k*). (.7
Proof. This is because

r(k™)

< r(k* v k')

<+ Y Pk + (K = kD)) — r(kf'))

iesuppt(k*—k/)

=rkh+ Y (rk +ax) - (k) (Leta; =k} — k)
iesupp*(k*—kJ)

TN
<r(k)+ Z <%‘M>
,kj)

iesupp* (k* b

o
Sr(kj)+B<—r(kj+ ) ’(k1)>. (C.8)

bi

The second inequality comes from Lemma 6, the third inequality holds because of the greedy procedure, and the last inequality
holds because Ziesupw(k*_k,-) a; < B. By rearranging terms, Eq. (C.7) holds. O

Next, We can prove the following lemma.

Lemma9. Forl=1,...,s,

] .
r(k ™ > rcH [ ] <1 - %)
j=1

+r(k*)<1 —ﬁ (1 - %)).

j=1

(C.9)

Proof. We can prove this lemma by induction on /. When / = 1, the lemma holds due to Lemma 8. Assume that the lemma holds for
I — 1, we have the following inequality holds,

r(kl+l)
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T = W
2“‘5”””,1],(“3)

b o b/ oo
+ (= Sk 1-H<1—§> + (k")

Jj=1

1 .
=rkH]] (1 - %) +r(k*)<1 -
j=1

where the first inequality is due to Lemma 8 by setting j = /, and the second inequality is by the assumption for / — 1. By induction,
Lemma 9 holds.

We then consider the following cases.

Case 1. Suppose the total budget used for k* is larger or equal to #B, i.e., Zj;} b > nB, where 5 € [0, 1].

We have the following inequality.

>(1- %)r(kl) + %r(k*)

(C.10)

7:~
—
|
w| <.
~
~—

j=1

r(k®) > (1 — e Mr(k™). (C.11)

This is due to Lemma 9 by setting / = s — 1, combined with the fact that k' = 0 and Hj;i (1 - %) < e™. The later fact holds
because,

s—1 .

1 b

<(s-DI 1- —
<(s )og( s—lj_1B>

< (s = Dlog(1 — —,
s—1

where the first inequality holds because of the Jensen’s Inequality [35] and the second inequality holds because Z‘H LA n. Then

j=1 B =
. s—1 b 1 _
we can easily check [];Z, (1 - F) <=Lyt <em,
Case 2. Suppose the total budget Z;;} b’ < nB. Then, we have b* > (1 — ) B. We can prove the following inequality holds,

1
2-n

r(ky) > (1 - Ir(k). (C.12)

This is due to Eq. (C.8), we have
r(kSth — r(k)
bS

r(kSth — r(k%)
I

r(k*) < r(k*) + B(

< (k%) + <

1

<1+
<+

yriky),

where the second inequality is due to »° > (1 — n)B and the last equality is due to the fact r(k**') — r(k*) < r(ky), r(k*) < r(k,). To
see the above fact, we assume without loss of generality the pair (i, 5*) improves k° towards the optimal budget allocation, i.e.,
kfs“ =b"+ k) <kj. Otherwise, if b° + ki > k%, we can safely delete (i*, b*) in the queue Q and does not affect the greedy solution, the
optimal solution and the analysis. Let r,,,,, = max;e,, r(c; x;), we have r(kSth) — r(k®) < r(kS v ki xis) —r(k*) < (ks xis) —r(0) < r,
r(ky). Also, we can obtain that r(k*) < r(k,) since k* < k,. By rearranging the terms, Eq. (C.12) holds.

Combining Egs. (C.11) and (C.12), we have

1
2-n

<

max —

or(k™)

> mi 1—e™,1-
r(kg) = nrel}(l)fll] max (1 —e™,
> (1 —e™Mr(k"),

where 7 is the solution for equation ¢’ =2 — . O

C.2. Starting from the stationary distribution

Proof. By definition, we need to show rg, (¥ + X)) = Tre¥) S Tgao(X+ X)) = 1gp6(X), and rg, - (X) <rg,.(y) forany x <y, j €
[m].
We first introduce the following lemma to help us to prove the DR-submodularity. O
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Lemma 10. Function f is DR-submodular if and only if

SE+x) - = f(x+x;+x)— f(x+ x)),

m (C.13)
forany x € Zg,,.

(If part.) We can easily check this direction holds by using the similar argument for Eq. (C.3), where the only difference is we
consider i € [m] instead of i € I,.

(Only if part.) We cansety :=x’ + Xjp X 1= x'+ y;, foranyi,j € [m],x' € z7,, and use Eq. (C.2) to show the only if part holds.
Since rg , 5(k) is submodular for arbitrary starting distributions &, Eq. (C.1) holds. Then consider any layer j € [m] and bud-

get allocation x € Zgo’ it is sufficient to show r¢, ,(x +2 Xj) = Tore(X + X;) S1¢6(X+ X;) = rg 4 6(x). Since the left hand side mi-

nus the right hand side equals to ), ), 0, (Hie[m]#j (1 - P,-,v(x,-))> (P} (x;) = 2P; ,(x; + 1) + P; ,(x; +2))], we only need to show
>ey o-ﬂ(HiE[mH# (1- P,-’U(Xi))>'(gjyu(xj +2) — g, ,(x; + 1))] < 0. The above inequality holds because of Lemma 2.

Proof. We can observe that the modified Algorithm 1 always select the pair (i*, b*) with b* = 1 because rg 4 ;(k + by;) — rg 45k +
(b—1Dx) < rgaslk+ x;) — rgq.0(k) for arbitrary k, i and b. Thus, we have s = B + 1 and by the similar argument for Eq. (C.11), we
have r(k,) = r(kB+1) > (1 — 1/e)r(k*), which completes the proof. [

C.3. Efficiently evaluating the reward function

One key issue to derive the budget allocation is to efficiently evaluate the reward function r¢ , , (k) and its marginal gains 6(i, b, k).
Since we need to repetitively use the visiting probabilities P, ,(k;), we pre-calculate P, ,(k;) in O(m||c||,n> ) time in our algorithms

based on Eq. (9), where n,,, = max; |V;|. For the overlapping case, given the current budget allocation k, we maintain a value
1-P; , (k;+b)

Pu = Tlieim (1- P, (k) for each node u € V. The marginal gain (i, b, k) = Y,y 0, [pu<1 - TR )] /b can be evaluated in O(n,,,,)
time. Then, we update all p, = p, ( %) in O(ny,,,) after we allocate b more budgets to layer i. Therefore, we can use O(n,y,,,) in

total to evaluate (i, b, k). In practice, lazy evaluation [36] and parallel computing can be used to further accelerate our algorithm.

Appendix D. Budget effective greedy algorithm with partial enumeration and its analysis
D.1. Algorithm

The algorithm is shown in Algorithm 5.

Algorithm 5 Budget effective greedy algorithm with partial enumeration (BEGE).

Input: Graph G, starting distributions a, node weights ¢, budget B, constraints c.
Output: Budget allocation k.

: Compute visiting probabilities (P, ,())ie(m)uev selc,) according to Eq. (7).

: k < BEGE((P, ,())icimluev pete,)» 0> B> ©).

: Procedure BEGE((P,,(b));c(m)uev.belc,1> O B> €)
Let k,,, < 0.
0 S {k=(kp, o k)0 < Ky < ¢ Xiepm ki < B, Y Hk; > 0} < 3). {S contains all partial solutions which allocate partial bud-
gets to at most three layers}
6: for k € S do
70 K < B= Y cim ki-
8: Let Q « {(i,b)|i €[m],1 <b; <c;—k}.
9: while K >0and Q0 #0 do
10: (i*,b*) « arg max(i,b)egé(i,b, k)/b. {Eq. (11)}
11: if »* < K then
12: kju < kiu + b*, K < K — b*.
13: Modify all pairs (i*,b) € Q to (i*, b — b*).
14: Remove all pairs (i*, b) € Q such that b < 0.
15: else
16: Remove (i*, b*) from Q.
17: end if
18: end while
19: if rg g o (K) > rg.qo(kmay), then k. < k.
20: end forreturn k, = (ki,...,k,).
21: end Procedure

[SA B NECRE R
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D.2. Analysis

Theorem 5. The Algorithm 5 obtains a (1 — 1/e)-approximate solution to the overlapping MuLaNE with arbitrary starting distributions.

Proof. Suppose that we start from a partial solution k' € Z7, # 0. Let us first reorder the optimal solution k* according to a non-
increasing marginal gain ordering. Namely, the marginal gain of the pair (s}, b)) with respect to the empty pair is the highest among

all other pairs, the marginal gain of the pair (s}, 55) with respect to the solution consisting of pair (s}, 5]) is the highest among
all remaining pairs, and so on. To be concrete, k* = {(s%, b)), (53, 000, where s} € [m] \ {s],.ns7 }is selected to maximize the

1
following equation:

i-1 i-1
* * £
(r<z{ b X +b i)@[*)-i"(Z] b}.;@;». (D.1)
Jj= Jj=

Then, we try to bound the "virtual" marginal gain A* = r(k**!) — r(k*), and recall s is the first iteration we can not extend the
current solution. Without loss of generality, we assume the virtual pair (i¥, b*) improves k* towards the optimal budget allocation,
ie, b’ +kj; <kj. Otherwise, if b° + kj, > k};, we can safely delete (i*, b*) in the queue Q and does not affect the greedy solution, the
optimal solution and the analysis.

If we start from the initial solution k! such that k! matches (s7,09), (s5,b3).(s3,b3), ie., k' =b* for i=1,2,3, we have
AS = (kS — r(kS) < r(kS v ks xis) — (k) < (ks xs) —r(0) < ’“(bTXsT)~ Moreover, A’ = r(kSt!) — r(k%) < r(k® v ki xis) — r(k) = r(k* v
bl*XS’f VK xps) — r(k* V by XST) <rby Xs: V ki xis) — r(bi‘)(x»f) < r(b’f)(s»f + b5 )(S;) - r(bT)(sT). Similarly, we have A’ <r(b} Xs: + bz%; +
b} )(s:) - r(by X + b3 ng)- By adding above inequalities, we have A® < r(k!)/3.

Now, we can use Lemma 9 by setting / = s and the fact 25:1 b > B to show r(k**1) > r(k') + (1 = 1/e)(r(k*) — r(k")). Combining

A’ < r(k")/3, we have r(k®) > (1 — 1/3)r(k") + (1 — 1/e)(r(k*) — r(k")) > (1 — 1/e)r(k*), which completes the proof. [

The time complexity of Algorithm 5 is O(B*m*||c|| s max + ||c||°omnfnax). This is because the number of all partial solutions is
|S| = O(B>m?), and for any partial enumeration k € S, the time complexity is the same order as the Algorithm 1, i.e., O(B||c|| ,mn
where O(n,,,,) is the time to evaluate §(i, b, k) as discussed before.

max)’

Appendix E. Algorithms and analysis of offline optimization for non-overlapping MuLaNE

E.1. Starting from the stationary distribution

Algorithm 6 Myopic greedy algorithm for the non-overlapping MuLaNE.

Input: Network G, starting distributions a, budget B, constraints c.
Output: Budget allocation k.
: Compute visiting probabilities (P, ,(b))ie(m)uev selc,) according to Eq. (8).
: Compute layer-level marginal gain g;(b);e(m) se(c, according to Eq. (E.2).
: k< MG((&(0))icmpefe, 1 B> ©)
: Procedure MG((g;(0));e(m) efc;)» B> €)
Letk :={kj,...,k,} < 0, K < B.
: while K > 0 do
7: i« arg maxgp i, +1<c, 8i(k; + 1). {O(log m) using the priority queue}
8 kix —kyx+1, K< K-1.
9: end whilereturn k = (k, ..., k,,).
10: end Procedure

o u Al wN R

According to Egs. (8) and (10), the reward function can be rewritten as

roao®) =D D gb), (E.1)

i€[m] belk;]
where g;(b) represents the layer-level marginal gain when we allocate one more budget (from b — 1 to b) to layer i, which is given by

gi(b) = 2 6,(P; () = P, ,(b—1)). (E.2)
veEY;

From the definition of the reward function, we have two observations. First, budgets allocated to a layer will not affect the reward
of other layers because layers are non-overlapping. Second, the layer-level marginal gain g;(b) for the i-th layer is non-increasing
with respect to budget b. Based on these two observation, we propose the myopic greedy algorithm (Algorithm 6), which is a slight
modification of Algorithm 2. Algorithm 6 takes the multi-layered network G = (G, ..., G,,), starting distributions (a;, ..., «,,), node
weights ¢ = (0}, ..., o) and total budget B as inputs. It consists of B rounds to compute the optimal budget allocation k*. In each
round, line 7 in Algorithm 6 selects the layer i* with the largest layer-level marginal gain and allocate one budget to layer i* until
total B budgets are used up.
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Algorithm 7 Dynamic programming (DP) algorithm for the non-overlapping MuLaNE.
Input: Network G, starting distributions a, node weights o, budget B, constraints c.
Output: Budget allocation k.

: Compute visiting probabilities (P, (b)) according to Eq. (8).

: Compute layer-level marginal gain (g;(b)) according to Eq. (E.2).

o k < DP((g;(b)iepm beic,1» B> €)

: Procedure DP(g;(h))ig(m) pec,+ B €
: forie {0}u[m],be {0}uU[B] do
6: Set A[i,b] « 0, V[i,b] < O.

: end for
8: fori —~ 0Otom—1do
9: for b € [B] do
10: j* < arg max;e(oyupe,, ) (Vi b = 1+ g a60 Xz}
11 Ali+ 1,b] « Ali,b— j*1+ j* Xis1-
120 V[i+ 1,b] < V[i,b— j*1 + rgaoU* Xiv1)-
13: end for
14: end for
15: return A[m, B].
16: end Procedure

ga A W N =

N

Theorem 6. The Algorithm 6 obtains the optimal budget allocation to the non-overlapping MuLaNE with the stationary starting distributions.

Proof. Define a two dimensional array M € R1t2t-+< where (i, j)-th entry is the j-th step layer-level marginal gain for layer i, i.e.,
Mli, jl= ZL,E],‘ g.,(j), for i € [m], j € [¢;]. Given the budget allocation k = {k, ..., k,,}, the expected reward r , (k) can be written
as the sum of elements in M, i.e., rg, (k) =X 25;1 M{i, j]. Because g; ,(k;) is non-increasing with respect to k;, the element in
each row or the layer-level marginal gain is non-increasing. Hence, the greedy method at step s choose the s-th largest element in

M. At step s = B, the greedy policy selects all B largest elements and the corresponding budget allocation maximizes the expected
reward r¢ 4 ;(k). O

Algorithm 6 uses O(||c||,mn> | ) to compute visiting probabilities P, ,(k;) and O(]|c||,mmy,,) to compute layer-wise marginal gains
g;(b). Then 6(i, 1, k) can be evaluated in O(logm) using the priority queue, which is repeated for B iterations. Therefore, the time
complexity of Algorithm 6 is O(Blogm + ||c||oomnfnax).

E.2. Starting from arbitrary distributions

When random explorers start from any arbitrary distribution, Algorithm 6 can not obtain the optimal solution. This is because
the layer-level marginal gain g;(b) is not non-increasing with respect to b. So we have to adopt a more general technique, dynamic
programming (DP), to solve the budget allocation problem. The key idea is to keep a DP budget allocation table A € RO"+DX(B+D)
where the (i, b)-th entry A[i, b] saves the optimal budget allocation by allocating » budgets to the first i layers. Another DP table
V € Rm+DX(B+D) gsaves the value of the optimal reward, where the (i, b)-th entry V[i, b] corresponds to the optimal reward when
setting A[i, b] as the budget allocation. In the i’-th outer loop and #’-th inner loop in Algorithm 7, we have already obtained the
optimal budget allocation for A[i, b] with i =0, ...,i’, b € [B], which help us to find the optimal amount of budget j* to (i’ + 1)-th
layer (in line 10), and thus we can obtain the A[i’ + 1,5'] and V[i’ + 1, b’] accordingly.

Theorem 7. Algorithm 7 obtains the optimal budget allocation to the non-overlapping MuLaNE with an arbitrary starting distribution.

Algorithm 7 uses O(||c||,mn? ) to compute visiting probabilities P, ,(k;) and O(]|¢|| o, mmy,,) to compute layer-wise marginal gains

max
g;(b). In the DP procedure, we can also pre-calculate all rewards rg 4 ,(j x;4+1) in O(||¢||,m). Then DP procedure takes O(||¢c||,) to find

Jj*, which is repeated for Bm iterations. Therefore, the Algorithm 7 has the time complexity of O(B||c||,,m + ||c||°omnﬂm).

Appendix F. Analysis of online learning for overlapping MuLaNE

E.1. Proof of 1-Norm bounded smoothness

Proof. According to Eq. (7), and since u;,, < y| , for (i,u,b) € A, we have (1 — er[m](l ~ Higi) < (1= Hie[m](l —# . ). There-

iu,b’
fore for any o, < o, we have o,(1 = [T (1 = #iug,) < 051 = [Ligpm (L = Ml{,u,ki))
By summarizing both sides with u € V, we have ri(u,0) < ri (0, 06’). O

Proof. The left-hand side:
ru.o(k) - r”/’(,l(k)
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= ‘ D [o‘u<l -1 (1 —ﬂ[,u,k,)>

uey i€[m]
! !
( ilt —u,-,u,ki))u
i€[m]
SON AT | EDETATES | K7/8)
uey i€[m] i€[m]
=Y lo,(t = [] 90—t = [] 9/
uey i€[m] i€[m]
+o,00- [] g/ -c0 =[] 4!
i€[m] i€[m]
< 2ol [1 =TT 4l
=% i€[m] i€[m]
+ Y o, —oll =[] 4.
uey i€[m]

where g,,, = (1= ;4. 4}, = (1 = 4., ).
For the first term, it can be derived that,

Oy H 9y~ H ‘I,{,u

i€[m] i€[m]

m i-1 m
=0, <<H q},u)(ql-,u - q,f,,,)< 11 qj,u>>
i=1 j=1 Jj=i+l
m i—1 m
SN
i=1 j=1 J=i+l

m
/
oy Z ‘qiwu i
i=1

— /
=0y Z ‘”i,u,ki - #i,u,ki |’

i€[m]

where last inequality holds because 9 u q} ,<lando, €[0,1], for any j € [m],u € V.
For the second term, we have

[RETACES | /9

i€[m]
=lo,—oyl0 = [T =4, »
i€[m]
’ !’
<lo,—o,l Z ik
i€[m]

where the inequality holds because of the Weierstrass product inequality. Plugging the above two terms into the previous inequality,
1-Norm Bounded Smoothness is satisfied. [

F.2. Regret proof analysis

In this section, we give the regret analysis for overlapping MuLaNE.

Let A denote the set containing all base arms, i.e., A = {(i,u, b)|i € [m],u € V,b € [¢;]}. We add subscript ¢ to denote the value of a
variable at the end of round ¢ € [T], e.g. &;, fi;, ,,» Where T is the total number of rounds. For example, T}, , , denotes the total number
of times that arm (i, u, b) is played at the end of round . Let us first introduce a definition of an unlikely event, where j; ,,,_, is not
accurate as expected.

Definition 2. We say that the sampling is nice at the beginning of round t, if for each arm (i,u,b) € A, |f; 5,1 — Hiup| < Pivpss

3Int

where p; ,,, = T

. Let W, be such event.

Lemma 11. For each roundt > 1, Pr{-N,} < 2| A2
Proof. For each round ¢ > 1, we have
Pr{-N;}
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i ~ 3Int
= Pr{3(,u,b) € A, |fi; yps—1 — Hiwpl 2 IZT—}
iubt—1
o 31Int
< Z Prilfi;pi—1 = Hiupl = 1/27,—}
(i,u,b)eA iu,bt—1

-1
= Z ZPr{Ti,u,b,r—l =k
(ubeA k=1

A 3Int
AL B Vo —
i1 = Hiupl 2 m}

(= 1)
2 = <20Al

(l ub)eA k=
Given T, ,, | = k, fli . is the average of k i.i.d. random variables Y!" /.. y!¥l "where YY! is the Bernoulli random variable
SU,D, SU,D, iu,b iu,b iub
(computed in Algorithm 3 line 12) when the arm (i, u, b) is played for the j-th time during the execution. Thatis, fi;, ,,_ = Zk Y[’ ]b /k.
Note that the independence of Ym e Y[k] comes from the fact we select a new starting position following the starting dlstrlbutlon

a; at the beginning of each round t. And the last inequality uses the Hoeffding Inequaility [37]. O

Then we can use monotonicity and 1-norm bounded smoothness properties (Properties 1 and 2) to bound the reward gap A, =
&ry6(k*) —r, 5(k;) between the optimal action k* and the action k; = (k,,, ..., k,,,) selected by our algorithm A. To achieve this,
we introduce a positive real number M;, , for each arm (i, u, b) and define My = max,ses, M;, ;> Where S, = {(i,u,b) € A|b =k, ;}.
Define |£'| = |S,| = Yieim V1 = m|V|, and let

2, ifs=0
k(M. 5) =131/ 98L, if 1 <5 < £p(M),
0, if s >0 (M) +1,
where
541 PInT
Cr(M)=|——5>—1

Lemma 12. If (A, > M, } and N, holds, we have

A, < 2 or (M 400 Ty pa-1)- (F.1)
(ubES,

Proof. First, we can observe, for (i,u,b) € A, y;,, is upper bounded by 7, ,,,, i.€., fi; 5 2 H; > When N, holds. This is due to

:ul u,bt — mt[lb)ﬁ ﬂi,u,j,t

> ﬁi,u,b,t
=min{f; ,ps1 + Piupe 1}
> Hiubs
where the last inequality comes from the fact that |4, 5, 1 — #i sl < piyp, When N; holds.
Then, notice that the right hand of Eq. (F.1) is non-negative, it is trivially satisfied when A, = 0. We only need to consider
Ay, > 0. By N, and Property 1, We have the following inequalities,
ra, k) 2 Erg (k") 2 &rp o (k) = A + 1, 5(k)).

The first inequality is due to the oracle outputs the (&, f)-approximate solution given parameters j,, where ¢ =1—e¢™, =1 by
definition. The second inequality is due to Condition 1 (monotonicity).
Then, by Condition 2, we have
Ay, Srg ek —rq(kp)

< Z (o_ull’_‘i,u,b,t - ”i,u.bl + |5—u - O-ulﬁi,u,b,r)
(i,u,b)ES;

z Ui ps = Migwp) + Piwpr)s
(i.b)ES,

where the last inequality is due to the following observation: 6, # o, if and only if « has not been visited so far, so j;,,,; =0 for
any i € [m],b € [Bl and ji; , j, = maX;eps { Ay j i1 + Pigji} = Piupse
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Next, we can bound A, by bounding fi; , ; — #; s + s, DY applying a transformation. As {A, > M, } holds by assumption, so
Z(f,u,mes, | i ups = Hiwp) + Piups = Di, = My, . We have

A, < Z Ui aips = il + Pips)

(iLu,b)ES,
< _Mk, +2 2 |ﬁ[,u,b,t - ”i,u,bl + pi,u.b,t
(. wb)ES,
My
- t
=2 Z Uit = Miw| + Piswps = m)
(i.u,b)ES,
_ Mi,u,b
<2 2 (l/"i,u,b,t - ”i.u,bl + Piubt — m) (Fz)
(i.u.b)ES,
By W, for all (i,u, b) € A, we have:
_ Mi,u,b
|Mi,u,b,t - ”i.u,bl + Piubt — m
= Hiwts = Hiwp + Piups — = (I =argmax g, ;)
aut = Kb T Piabt = )] jetb) Fid
~ Mi,u,b
< Hiute = Hiul + Piubt — m
. Mi,u,b
<min{2p; ;1 + Piups 1} = 2e
< min{3 1 iub
<min{3p; 5, 1} = P

M.
<min{ 3,/ 20T T
2T -1 21&]

where the first inequality is due to y; ,; < p;,, for j < b, the second inequality is due to the event N, and the third inequality holds
because T;,, ;1 2 T, p,-1 for j < b.
Now consider the following cases:
M,u,b

_ j . [ 3mT 1
Case 1.IfT;,,, | <Cp(M;,,), we have g, — Hyyp + Piups — 2] = min {3 ST } < skr (M ps Tiyp—1)-

3InT M . M;up _1
Case 2.If T;;, | > ¢ (M ,p,) + 1, then 3 T S 26 SO Piwbs = Hiwb  Piwbs = Jigr) S 0= 5xr My Tiypi)-

Combine these two cases and Eq. (F.2), we have the following inequality, which concludes the lemma.

Ay < 2 or (M 400 T pa-1)-
(ubES,

O

Proof. By above lemmas, we have

M=

H({Akt ZMkt}AJ\/;)Akt

1l
—

<Y D kMo Trupiet)

=1 (Lub)ES,

= 2 ’(T(Mi,u,b»Ti,u,b,tLl)
(i,u,b)eAr’e[rlte[T],k,J=b}
Tiubr
< 2 2 KT(Mi,u,lﬁS)
(iub)EA 5=0
(M p) T
n
<2]A —_—
241+ ¥ Y 3y[6
(i,u,b)eA s=1
(M)
<2Al+ Y / 31/6L a5
. s=0 N
(i,ub)eA
<204+ Y 64/6InTEr (M, )
(iu,b)eA
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108/€'|InT

<2Al+ ),
(iu,b)eA m

For distribution dependent bound, let us set M, , = A;n'inb and thus the event {A, > M, } always holds, i.e., {A, < M, }=0.We
have
T
i

<241+ )

iu,b
Gubea — Ary

(Nz A{Ay, 2 Mk,}>Ak,

108]€'|InT

By Lemma 11, Pr{-N,} <2|A|t72, then

T T )
E [Zﬂ(ﬂM)Ak,] < Z:,leszmax < T A A
1=

t=1

By our choice of M

iu,bs

M=

U(Ak' < Mk,)Ak’ =0.

t=1

By the definition of the regret,

T
Reg,(T) = E [2 Akt]
=1
T

Z <I](-|JV',) +1(Ay, < My,)

t=1

<E

+I(N, A (A, sz,})>Akt

108|E" | InT 2
< LOBIETTINT. | o1 Af 4+ 22| AJA
; Abb 3
(i,u,b)eA min
108m|V|InT 2
= Y T o+ T Al

Gubed  Ap

For distribution independent bound, we take M;,, = M = /108|£’||A|InT /T, then we have Z,T:1 I]{Akr < Mk,} <TM.
Then

Reg,,(T)
108]&/| InT 2
< Y TBIETII T o) A 22 A + T M
(i.ub)eA i,u,b 3

1081€[|A|In T 2
< % 201+ 2 | AlB g + TM

+2A]

max

2
=2v/108|&'[|A|T InT + %MIA

+2|Al. O

max

2
<21/m|V||A|ITInT + %lAlA
E.3. Extension for random node weights

In this section, we extend the deterministic node weight o, for node u € V to a random weight. Specifically, we denote 5, € [0, 1]
as the random weight when we first visit u (after the first visit we will not get any reward so on so forth), and denote ¢, := E[5,].

For the offline setting, the reward function in Eq. (7) remains the same since 6, is independent of all other random variables.
For the online setting, since the reward function remains unchanged, Properties 1 and 2 still hold. However, we need to change the
way we maintain the optimistic node weight 6,,. Compared with Algorithm 3, the major difference is that 6, now represent the upper
confidence bound (UCB) value of 5,.
Regret analysis. Let A denote the set containing all base arms for visiting probabilities, i.e., A = {(i,u,b)|i € [ml,u € V,b € [¢;]}.
With a bit of abuse of notation, we also use V to denote the set of base arms corresponding to the node weights. Therefore, AUV is
the set of all base arms, which is different from the Section F.2 that only has .4 as base arms and does not have base arms for random
weights. Following the notations of Wang and Chen[17], we define X, € [0, 1] be the random outcome of base arm a € AUV and
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define D as the unknown joint distribution of random outcomes X = (X,),c 4,y With unknown mean y, = Ex..p[X,]. Let k be any
feasible budget allocation, we denote p” * the probability that budget allocation k triggers arm a (i.e. outcome X, is observed) when
the unknown environment distribution is D. Specifically, p* = 1 for a € {(i,u.b)li € [ml,u € V,b=k;}, p.* =1 = [Tigm(1 = Hiax,)

for a € Y and pP* = 0 for the rest of base arms. Therefore, we can rewrite the inequality in Property 2 as
17 s (k) = 7t g1 ()]

<Y @t = D

i€[m],ueV,b=k;

+ Y o, - a,j|<1 -Ila- ,4,.%,,)>
uey i€[m]

<Y PP*lu, -l (F.3)
acA

where we abuse the notation to denote u, as o, and y/, as ¢/, if a € A, in the last inequality. We can observe that the above rewritten
Property 2 can be viewed as a special case of the 1-norm TPM bounded smoothness condition in Wang and Chen [17].

Now we can apply the similar proof in Section B.3 in Wang and Chen[17], together with how we deal with the |, ,, — #;,| in
Appendix F.2 to get a distribution-dependent regret bound.

Let K = m|V| + |V| be the maximum number of triggered arms, | A U V| = Bm|V| + |V| be the number of base arms and [x], =

max{[x],0}. For any feasible budget allocation k and any base arm a € AUV, the gap A, = max{0,¢r, ;(k*) —r,, ;(k)} and we define
Alin =1I0f . bk x50 Bl By = SUPE. Dk o 4 g
we define A7 = +00, A% = 0. We define min,c 4y A7, and max,e 4up Af

min max*

A,. As convention, if there is no budget allocation k such that p?* > 0 and A, > 0,

Theorem 8. Algorithm 3 with random node weights has the following distribution-dependent (1 — e™", 1) approximation regret,

576K InT
Reg”,(,(T) < Z T
a€AUY min
2K 72
+4lAUYI+ Y <[log2 <o +2>ZAmaX,
ac AUV min

We can also have a distribution-independent bound,
Reg,, o(T) < 129/|AUV|KT InT
22

T
+2lAUY| + ([1og2 FeFlot Z)FAW,

Remark. Compared with the regret bound in Theorem 3 in the main text, we can see the base arms now become A | J V instead of
A, which is worse than the regret bound of the fixed unknown weight setting. This is a trade-off since we need more estimation to
handle the uncertain random node weight, which incurs additional regrets. It also shows our non-trivial analysis of the fixed unknown
weights carefully merges the error term into base arms .4 and incurs only a constant factor of extra regrets.

Appendix G. Analysis of explorer-relaxed online learning for overlapping MuLaNE
G.1. Proof of precision-balanced bounded smoothness

To prove this property while conserving space, we directly address a more general case, the MuLaNE problem with random node
weights, rather than just fixed node weights.

Similar to Section F.3, let .4 denote the set containing all base arms for visiting probabilities, i.e., A = {(i,u,b)|i € [m],u € V,b €
[¢;1}. With a bit of abuse of notation, we also use V to denote the set of base arms corresponding to the node weights. Therefore, A UV
is the set of all base arms. Let k be any feasible budget allocation. We denote p? ** the probability that action k triggers arm a (i.e.
outcome X, is observed) when the unknown environment distribution is D. Specifically, pf,) * = 1fora € {(i,u,b)i € [m,uecV,b= ki,
p,,D’k =1- Hie[mj(l = Hiak,) for a € VY and pf’k = 0 for the rest of base arms.

Property 4. (General Precision-Balanced Bounded Smoothness). The reward function r, ,(k) satisfies the following general precision-
balanced bounded smoothness condition, i.e., for any budget allocation k, ary two vectors u=(; , p) i uness #' = H+ &y +1,=H] , Vi upea
and any node weights o, ¢’ =6+ ¢, +n,, where {,n€[-1,1]" represent the parameter change, we have [F s (K) = ryr o1 (R)| <

2 2 D.k\o
D.k S, Gupy™)
Yuey <Zi€[m],b:k,- ‘”u,i,u,b + |’76,u|Pu > +vV 1.25|V|\/Zu€v (Zie[m],b:k,-( by (0,0 ) .

A=Hiup)Hiup
Unlike Condition 3 in Liu et al. [28] (Directional TPVM Bounded Smoothness), Property 4 represents the undirectional version
(i.e., allowing ¢ and 7 to be negative). We now provide the proof for Property 4. For fixed node weights, the same procedure applies
by setting the triggering probability to 1 for the effective base arm.

Proof. Denote g2 =1 - [Licpm (1 = #, ) for u € V. To better-fit layout constraints and present the following complex proof clearly,
we split the formula into two parts.
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In the first part, we preliminary decompose and simplify the utility function difference:

|r,w(k) - r”,’t,/(k)‘

=y o:,< 10 -mu- [T~ u;,u,k,_») + Y (0], =0, )PPk (G.1)
uey i€[m] i€[m] uey

<D D Wk = i, )(H(l Heuk,) H (1= Hpur )| +| D (0h — 0 )p*
uey i€[m] =i+l uey

<Y 2 G|+ )n,,,u,,()]'[(l He i) )+ Z<|¢,,,,| + [ DPP, G.2)
u€V i€[m],b=k;

where Eq. (G.1) is by telescoping the difference of Hielmj(l - ;4,-’,,’,(‘,) - ]'[,.E[m](l - y;uk_)), and Eq. (G.2) is due to ;4; wr €10,1] for
any i € [m],u e V. ' '
Then, we apply some common inequalities and deductions to bound the difference:

(1@,”,,, )(H(l — Hpup, )0, + Z(|¢M| + Mo DPP*

u€y i€[m],b=k;

)nylub

‘Cuiub

i-1
<y (;NJ(H(I—W,u,kpm,u,ba;

uevielmlb=k; VI = MiupHiup \ 71

|Coulp2* ) (
+ —— |V —-0,)0, + Myin,
z‘g‘;(v(l—%)% uEZVzE[m]b— | it

2
C iub

2(5»")2
S(ZT G T

ueV ie[ml.b=k; HiwpHiay ey (1= 0u)oy

Z In,,ulp”"> (G.3)

i-1

z Z H(l - Auf,u,kt» )Mi,u,baliz + 2(1 - o-u)o-u

u€V i€[ml.b=k; £=1 uey

+< ‘”ulub 2 |rlo'u|pDk> (G.4)
ueV i€[ml,b=k;

In Eq. (G.3), we multiply the first term by y/i;,, (Where b = k;) and then divide it by VHiws(d = ;). Similarly, we multiply the
second term by \/G_u and divide it by 1/0,(1 —0,). In Eq. (G.4), we apply the Cauchy-Schwarz inequality simultaneously to both
terms.

Then, with y; , , € [0,1],Vi,u and 6,. 0], € [0, 1], Vu, we have

Eq.(G4) (G.5)

G s ¢z (pPHye
)y Ll Y Y o2 + (1= 0,)0,+
uey 1e[m] b=k; 1 ”i,u,b)”i,u.b wey (1 - 0'”)0',, =)

<Z "7;4:ub|+2|’1m¢|17 > (G.6)

u€V i€[m),b=k; uey

”i,u,b)ﬂi,u,b uey (1 - O—u)o-u

G 2,0
> (= ALy Yy V125V
uEVtE[m] b=k;

+ (Z Z |'7M’iwu.b + Z |'76,u|pf’k>’ (G.7)

u€V i€[m],b=k; uey
where Eq. (G.6) is due to the support of 4, ,, are bounded with [0, 1] for any i € [m],u € V and Eq. (G.7) is due to the support of
0,0, are bounded with [0, 1] foranyu e V. [

G.2. Regret proof analysis

In this section, we provide detailed proofs for Theorem 4 under the more general case, i.e., random node weight, where we present
an alternative, more precise proof for the main regret term compared to Liu et al. [28].
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Let A denote the set that contains all base arms for visiting probabilities, i.e., A = {(i,u, b)|i € [m] U V,u € V, b € [¢;]}. With some
abuse of notation, we also use V to denote the set of base arms corresponding to the node weights. Therefore, A U V is the set of all
base arms. Following the notations of Wang and Chen [17], we define X, € [0, 1] be the random outcome of base arm a« € AUV and
define D as the unknown joint distribution of random outcomes X = (X,),c 4, With unknown mean y, = Ex._p[X,]. Let k be any
feasible budget allocation, we denote pP* the probability that budget allocation k triggers arm a (i.e. outcome X, is observed) when
the unknown environment distribution is D. Specifically, pf’k =1for a € {(,u,b)li € [m,ueV,b=k;}, pf’k =1- ]'[,.E[mj(l - /‘i,a.k,»)
for a € V and pf’k =0 for the rest of base arms. Let [ AU V| = Bm|V| + |V| be the number of base arms and [x], = max{[x],0}.
For any feasible budget allocation k and any base arm a € AUV, the gap Ay = max{0,¢r, ;(k*) —r, ;(k)} and we define A?. =

k:pPK50,0,50 Ay, AL = SUPL. Dk 2,50 A. By convention, if there is no action k such that pf’k > 0and Ag > 0, we define A%, =
= 0. We define A™" = min,¢ 4.y Af.and A™Y = max,e gy Af,, - Denote S = {(i,u,b) € A | b=k;}, and let S be the set of

max*

inf
+oo, A%
base arms that can be triggered by S, i.e., {a € AUV | p° * > 0} under random node weights. The triggered arm set 7 is extended to
{Gi,u,b) € Alk, = b} UV here.

For fixed node weights, this can be considered a special case where p?* = 1 if a € §, and pP* = 0 otherwise. Similarly to Section
F.3, the set of base arms simplifies to A = {(i,u,b) | i € [m],u € V,b € [¢;]} under the fixed node weight setting. Consequently, due
to the complexity of the proof for Theorem 4, which requires extensive detail, we will instead prove the more general and complex
scenario with random node weights.

G.2.1. Useful concentration bounds, definitions and inequalities
We use the following tail bound for the construction of the confidence radius and our analysis.

Lemma 13 (Empirical Bernstein Inequality [38]). Let (X,),cyy be n iid random variables with bounded support [0, 1] and mean
E[X,] =p Let X, 2 % Yucaoy Xa and V, 2 i DieimXa — X,,)? be the empirical mean and empirical variance of (X,),e 4y~ Then for any
n €N and y > 0, it holds that

Pr(|X, — ul > <3e7Y (G.8)

We use the following Bernstein Inequality to bound the difference between the empirical variance and the true variance.

Lemma 14 (Bernstein Inequality [37]). Let (X,),c4uy be n independent random variables in [0, 1] with mean E[X,] = u and variance
Var[X,] £ E[X?] - (E[X,])? = V. Then with probability 1 — &:

1 2log1/6 2V'logl/é
2 Z X, <u+ 3gn/ +1/ ng /. (G.9)

n éaoy

Following a similar approach to Wang and Chen[17], we define event-filtered regret to aid our analysis. However, since our
proof does not require the definitions related to the triggering group analysis technique, we simplify the mathematical definitions
accordingly.

Definition 3 (Event-Filtered Regret). For any series of events (&), (r) indexed by round number #, we define the Reg; , (T, (£);>(1))
as the regret filtered by events (£,),5(r), or the regret is only counted in ¢ if £ happens in r. Formally,

Regs o (T. (E)ys7)) = E [ 3 UENEry oK) = 1o | (G.10)
1€lT]
We will omit &, T and rewrite Reg; , (T, (£);5(77) @s Reg, (T, £;) when contexts are clear for simplicity.
Definition 4. We say that the sampling is nice at the beginning of round  if: (1) for every base arma € AUV, |,,_1 — #,| < p, 4
where p, , = w + ;l“g’; (2) for every base arma € AUV, V,,_; < 2u,(1 — u,) + 3T5 198! ‘We denote such event as NE.
i at—1 at—1 i at-1

The following lemma bounds the probability that N does not happen.
Lemma 15. For each round t, Pr[—d\/f] <4lAUV|2

Proof. Let J\/'f’l,f\/f’z be the event (1) and event (2), where N} = ./\/'f’1 N Nf’z. We first bound the probability that N‘f" does not
happen, we have

6V, 1 logt  9logt

Pr[-N N =Pr|3a € AUV st [, — 1yl > (G.11)
Ta,r—l Ta,t—l
6V _1logt  9logt
< Z Z Pr |/2a,t—l - ”al > ol + £ ’Ta,t—l =7 (G12)
T T
aeAVY t€(t]
<3lAuV|?, (G.13)
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where Eq. (G.12) is due to the union bound over i, 7, Eq. (G.13) is due to Lemma 13 by setting y = 3logz and when T,, | =7, i,
and I7a,,_] are the empirical mean and empirical variance of 7 i.i.d random variables with mean y,,.

We then bound the probability that the second event N}’ 2 does not happen using the similar proof of [39, Eq. (7)]. Fix T,y =7
and consider (Y}, ...,Y7), where Y* = (X — 44> € [0, 1] and X* is the random outcome of the k-th i.i.d trial. Since X* are indepen-
dent across k, Y¥ are independent across k as well. In this case, one can verify that 175,,,_1 = i Yo (XK - ug)? — (% Yo Xk - uy)? <
% Tro (XE—u)? = % Yo 08 EIYFI=EI(XH2) - u2 <EIX]-1—p2 = (1= p)p,; and VarlY,] = E[(Y})?] — (E[V])? < E[(Y))*] <
E[Y*] < (1 - p)u,. By Lemma 14 over 7 i.i.d random variable (Y*),,, it holds with probability at least 1 — =3 that

2logt . 6Var[Y*]logt

1 T
- ;; YF <ElYF1+ (G.14)

T

This implies

T
. 2logt 6Var[Y*]logt
Vot < 3V <B4 T (G.15)
(] T T
2logt 6(1 — p)p,logt
< Ma(l - :ua) + Tg + - g (G16)
2logt 3logt
S."‘a(l _:ua)+ _g +”a(1 _”a)"' £ (G17)
T 2t
3.5logt
= 2p(1 = ) + — £ (G.18)

where Eq. (G.16) is using 2xy < x> +y? and x = \/2u,(1 — u ),y = 1/ 3l:g'.
Now by applying union bound over a € AUV and r € [f], we have Pr[—-N‘f‘z] < | AU V|t~2. Lastly, applying union bound over
N> and N2, we have Pr[-N?] < 4lAU V|2 O

t

After setting up all above definitions, we can prove Lemma 16 about the confidence radius, which appears in the main content.
Lemma 16. Fix every base arm (i,u,b) € A UV and every time t, with probability at least 1 — 4|.A U V|t=3, it holds that

Mgy SN Ly oy F iy 1 =0 By, Smin{pp + 255,01}

1 —p;,p)logt  28logt
+

. Hi, ,b(
<ming g, + 44/34] 22 ,
T b1 T b1

(G.19)

V-1 log1 9logt
Tiubi-1 Tiubi-1
Piup, Dy Lemma 15, hence the first and second inequality in Lemma 16 holds.

For the last inequality, under event Nf’z, it holds that

Proof. Recall that min{f; , 5,1 + p;,p, 1} = min{g;, 1 +

,1}. Under event N*', we have |u;,, — fiypl <

6Vispir logt 9 logt
”f,u,b + 2pi,u,b,r = Mi,u,b +2 T 4 + T (GZO)
iu,bt—1 iu,bt—1
. . 3.5logt
< +2 0 Ctaal = Hhas) * Tiubi1 et + Olog! (G.21)
= Hiub .
. Ti,u,b,t—l Ti,u,b,t—l
Hiu (l_ﬂiu )IOgt logt 181logt
A/ By A L Y/ Y P LA (G.22)
T, upi-1 Tupi-t Tiupi-t
Miyp(l = pp)logt  28logt
< Hiupir +4V3 + (G.23)

T bi-1 T b1

where Eq. (G.22) uses \/x +y < y/x+ V-

Since N} = .A/f‘l NN, f’z and by Lemma 15, Eq. (G.19) holds with probability at least 1 —4| AU V|t2. O

G.2.2. Decompose the total regret to event-filtered regrets

We firstly decompose the regret Reg,(T,{}) = Reg, (T, N7, N+ Reg, (T,~(N7(N?) < Reg, (T,N,N)+
Reg, (T, ~N7) + Reg, o(T,~Ny), where N/ is defined in Lemma 4, N, denotes the event where oracle successfully outputs
an &-approximate solution (with probability at least #). We have the following lemma to do the decomposition.
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Lemma 17 (Leading Regret Term). Define the error term

e (k) =4 375|v\jZ(lg' 21_8)(" ’)2+282(

a€s, a 1-1 aes;

1 D,S,
ﬁ)(pa ) (G.24)

at 1
and event E, = I]{Akr < e,(k,)}. The regret of Algorithm 4, when used with (1 — ™", 1) approximation oracle is bounded by
2 2
Reg,, 5(T) < Reg, ,(T. E,) + % [AU VA (G.25)

Proof. Recall that k;, = (k, |, ....k,), S, = {(i,u,b) € A| b=k, ;}, and S, represents the base arms that can be triggered by S, under
the random node weight setting. Under event N;°, N?, by Lemma 16, it is easily to check that

min{p,, |+ pap 1} < figyy

1 —u)logt  28logt
< min(p, , +41/3) Rl #oloar | 2Blogt )
Tar—l Ta,tfl

logt 1
<uat1+4\/'\/ua<1 el o8 — A og)

logt
28 — G.26
+ ( » A 28) ( )
Therefore, it holds that
éru’c(k*) < f”,z,,(;(k*) ST, 5(ky) (G.27)
Py (k) +41/3.75]V] J T )( ey
a Sz a,t—1

logt 1. pk

+28 ) (A 5Ipa (G.28)

€S, at 1

where the first inequality in Eq. (G.27) is due to monotonicity (Property 1), and second inequality in Eq. (G.27) is due to event N},

Eq. (G.28) is because of Eq. (G.26) and Property 4 by plugging in {, = 4 3\/ya(1 — U)X ;Og’ A %) and 7, = 28( Tlogt A 21—8).
at—1 at—1

So Reg, (T, N, N?) < Reg, (T, E,). Now for Reg, ,(T,~N}"), by Lemma 15 it holds that

T T
_ 272
Reg,, o(T,~N?) < ; Pr[-N] < ;4|A UPIC? < S AUV A (G.29)
Similarly by definition, it holds that
Reg), (T, ~N) < (1= T Ay (G.30)

2
Therefore Reg, (T, {}) < Reg, (T, E,) + 2%IA UV|Apy + (1 = ATAL,,. And we have Reg,, ,(T) = Reg,, (T, {}) — (1 = HT Ay, <
Reg, (T, E;) + %Amax, which concludes Lemma 17. [

Recall event E, = (A, < e,(k,)}, where ¢,(k,) =28 ¢ ( Tlog' é)(pa ") +44/3.75|V| \/ZaES,( log! A5 LypP*y2  We will further

decompose the event-filtered regret Reg, ,(T, E,) into two event-filtered regret Reg, (T, E, ;) and Reg,w(T, E, ),
Regy 6(T7 Et) < Re‘gu O'(T’ Et l) + REgy o-(Tﬂ Et 2)5 (G.31)

where event E ; ={A; <2¢,(k)}, event E;,={A <2e,(k)}, e, (k) =44/3.75V| \/ZaeS, Tl"g’ )(Pa ,)2 e,o(k,) =

285, (5 log ! ﬁ)(pa k). The above inequality holds since the following facts: We can observe e, (k) + e, (k) = e,(k,). From E,,

we know e1ther E,, holds or E,; holds. So E, implies | <I{E,;} +I{E,,}, and thus A I{E,} < A, {E,;} + A I{E,,}, which con-
cludes Reg,, (T, E,) < Reg, (T, E,,) + Reg, (T, E, ;). The next section will provide two proofs for Reg, ,(T, E, ), and Reg, (T, E, »),
respectively.

G.3. Refined regret bound analysis

In this section, we are going to bound the Reg,, (T, E, ;) and Reg,, (T, E, ,) separately under the event N/;'. The approach leverages
a refined reverse amortization technique from Wang and Chen [17], Liu et al. [28] to assign regret Ak[ to each base arm based on
carefully designed thresholds. Deriving the correct thresholds and regret allocation strategy is highly non-trivial, as it aims to minimize
the factors m, |V|, and T for the MuLaNE problem. In contrast to Liu et al. [28], we have eliminated a logarithmic factor related to
the number of explorers from the second main term in their regret upper bound. Finally, we offer discussions on the distribution-
independent regret bounds.
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G.3.1. Bounding the regret on the first term
Let ¢; = 44/3, and Ak, =4/ pf’k’. Given filtration 7,_; and under event E, ;, we have

O

Tu,r—l
Ay < n (G.32)
acAUY k;
Dk
Ser VI ) 72
=—Ay +2 i (G.33)
a€ AUV Akr
D.k, D.k, 2 D.k;\o logt
__ZaeS‘rpa tAk,/Pa ' 2 Z 501|V|(pa ) Tas-1 (G.34)
mVI+ V| Pyl A,
2 logt D.k
- K, 1061|V|Ta,r—1 ~ Ak,/pa 1 (G 35)
- aetoy a Ay /p‘?’kr m|V|+ | V| ’
1
2 log ¢ -
B b 107 VIz= R ©.36)
S Ay, m|V|+ V|| '
10¢2| V| 2L A
My =ElagI<E| 3 pibf LT A"’ (G.37)
t [ a€ ALY Ay, m|V|+ [V
log t _
10c12|V| —T:,g_l Ay,
=E — — G.38
' ; Ay m|V| + V| (G-38)
<E [Z Ka,T(Ta,,l)] . (G.39)
acT;
Regarding the last inequality, we define a regret allocation function
1.25¢2|v
=y if £ =0,
5C2|V|10gT .
1
kop@) =42\~ 1< Lary, (G.40)

10c?|V|logT |
1 .
— if L,y <C < Lyras

Ac T
min
0, if>L,7,,
5¢2|V|log T 102V |(m|V|+|V|)log T - Dk
— 1 — 1 a — 3 g 3
where L, ;| = Gy o Lare=——@ > and A?. = Ml Dk 2,50 Ay/p, " . Then, the reason why Eq. (G.39) holds is

proved as follows.
Proof.

10| V|(m|V|+|V]) log T
—
N (A:’znin) )
10c?|V|log T Ay (A% ) Ay
1 _ _ t min”__ _ t S 0= KaT(Ta t—l)'
Ta-1-Ak, mVI+V| " mVI+IVDA,  m|V|+[V] > ’

2. When L,y <T,, | <L,75,

1. WhenT,, | > L,7, =

we have (G.39,a) <

10c¢2|V|log T Ag 10¢2|V|logT  10¢2|V|log T
we have (G.39,q) < —+—+— — LEN Qi LLl S Qs A =x,7(T,, ).
( ) Ty-1-Bg, m|V|+[V| Tom1By, = Tyrdg ar(Tar1)
3. WhenT,, | <L,r,
5¢2|V|log T 5¢2|V|log T 5¢2|V|log T
i i < =L L < =1l
we further consider two different cases T, | < &7 r— vwe <T,—1 <Ly, @7
£ . . SCfIVIIOgT
e For the former case, if there exists a €7, so that T,, ; < —&r then we know ¥ ¢ x,7(Ti 1) = Ko7 (Tyy_y) =
1

5¢2|V|log T p . A
4 >2, /(Ak,)2 > Ak,’ which makes Eq. (G.39) valid no matter what.

5¢2|V|log T 10c2|V|log T | 52 1V|logT 5¢2|V|log T
1 1 1 1
————— <T,,_,, we know that (G.39,q) < ——— =2 _ .

(Ag,)? ar-1s ( ) Ay, Typ-1 Bg)? Tapm T,

at—1
Ay, [5¢2|V|logT 5¢2|V|log T
AV e L =2 ! = aT(Tat—l)'
Ak, Tos-1 Tap-1 ’ ’

a

ajt—1

e For the latter case, when
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4. When 7 =0,
102v] Ay 1.25¢2|v| 1.25¢2 v
; L = - LI Q| < =
We have (G.39,a) < i, XV S R, S AT Kor(Tyi—1)-

‘min

Combining all the above cases, we have A, < [E[ZGET’ Ko7 (Tp-)]. O

Based on Eq. (G.39), we now have the following inequalities on Reg,, (T, E ;):

T
Reg, o(T, E ;) = E [Z Ak,:| (G.41)
(a)
[ D E [Z Ko (T 1)” (G.42)
elr]  laer,

o [E[Z Y kor (T 1)] (G.43)
te[T] a€ty

at]

B D D k(s (G.44)

a€AUY s=0

1. 25c2|V| Lot [5¢219|log T
< Z Z L=
aeAvy  KaT acAUY s=1 $

Lar2 10¢2| V| logT
1
+ ) ‘— (G.45)

a€AUY s=L, 1 +1 Ko
Z 125c2|V| / T /5c2|V|1ogT
_aG.AUV Amm ac AUY 7 5=
Lara 10¢2|V|log T
- / s (G.46)
acAVY uTl Aa
mm
1.25¢2|v| 10¢?[V|log T
2 + + 2 ~—(1 +log(m|17| + V1))
acAVY min acAVY min

202[V|log T
y e (G.47)

a
a€EAUY Amin

where (a) follows from Eq. (G.39), (b) follows from the tower rule, (c) follows from that T,,_, is increased by 1 if and only if a € 7,.

G.3.2. Bounding the regret on the second term
Let ¢, = 28. Given filtration 7,_, and event E, ,, we have

(a) logT
By, < X 200, ’min{1/28, Tog }

aES, at—1

(b) logT
<A +2 Y 2% m {1/28 o8 }

atl

aes;
D.k,
2 pa’ rAk 1 T
= ST K 12 Y 2,p0 min {1/28 -k } (G.48)
ZacawPa i€lm] Ta-t
(c) Ak 1 T
<y D"r<_—' +4c2min{1/28, o8 }) (G.49)
a€AUY mV|+ V| Tar1

where (a) follows from event E, ,, (b) is by the reverse amortization trick [17] that multiplies two to both sides of (a) and rearranges
Dk
the terms, and (c) follows from p>* < 1.
It follows that

(@) Dk Ay, . logT
Ak: :IE,[AI(,] < |E,|: Z Da t< m+4c2mm{l/28 T

acAUY

A

(b) k, . logT
=E E ———+4 1/28,

[( m V] + 1V ch‘“{/ Ty 1}>]
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(©)
<E, [ZKQT( e 1)] (G.50)

=

Here, the regret allocation function is defined as

A?nax’ if0 < 4 < La,T,l
Kar () =32 22L L, < £ < Ly, (G.51)
0, ife> Lo+,
4cylogT

4cy(m|V|+|V|) log T
a

where L,p; = ==, Lyr2 =
X

o . And (a) follows from Eq. (G.49), (b) from the triggering probability equivalence
technique [40] that links the triggeringng]robabilities with the random triggering event under expectation, and (c) is proven similarly

to Section G.3.1 as follows.
Proof.

dep(mlVI+V]log T
a s

1. WhenT,, > L,7,=

min

log7 Ay, Afnin Akr
we have (G.50,1) < 4cy =~ T < o~ e S 0=rx,7(Ty, -1
2. WhenT,, | < L,7,,
IogT _ Ag, 4cylogT
we have (G.50,i) < 4(:2 VT T =K1 (Ty—1)-
3. WhenT,, | <L,r,,
1fthere existsa € S, so that T,,,_; < L, 7, then we know qus kg7 (Tim1,9) 2 ka7 (Tauy) = Af > Ay, which makes Eq. (G.50)
holds no matter what. This means we do not need to consider this case for good.
Combining all above cases, we have A < [E,[Zaa Ko Ty O
T
Reg, o(T.E,5) =E [Z Akl] (G.52)
=1

g

<E

E, [Z Ka,T(Ta,t—l):|:| (G.53)
1€[T]

|: acr;
o [E[Z 3 ko (T, 1)] (G.54)
t€[T] a€r,

ar]

CE Y Y ke (G.55)

acAUY 5s=0
Lot Lot deylog T
<TAUV[ A+ ) 2 Mt 2 Y o (G.56)
acAUY = a€EAUY =L, 1 1+1
STAUV|Agy+ D) 4eylogT
acAUY
m|V| + |V])A?
+ ) 4 log((lltzA)logT (G.57)
acAUY Amin
(m|V| + VA2
=AUV A+ D, 4c2<1 +log %)) logT (G.58)
a€AUY min
(m|V] + |V])AC
<JAUVIA + Z 4c2<1 + log(MO log T, (G.59)
acAUY Amm
where (a) follows from Eq. (G.50), (b) follows from the tower rule, (c) follows from that T, ,_, is increased by 1 if and only if a € 7,.

In the case of fixed node weights, the problem degenerates into one where only edge weights need to be learned, as the node
weights remain constant and do not require learning.

G.3.3. Distribution-independent bound
We fix a gap A, and consider two events for Ay : {A, <A} and {A; > A}. In the former case, the regret is trivially bounded
by Reg(T,{A;, < A}) <TA. For the latter case, under {Akr > A}, we can easily replace all instances of A?. with A and derive the

bound Reg(T, {A;, > A}) < 0( lAUVWllOg(ZWHWDIOgT +]AUV|log <W) log T). Similar to Section F.3, we can also establish a
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distribution-independent bound:

O(\/lA UVI|VIT logml V] + [VDlog T + |.A U V| log T log((m| V] + |V|)T)>.

Appendix H. Online learning for non-overlapping MuLaNE
H.1. Online learning algorithm for non-overlapping MuLaNE

For non-overlapping MuLaNE, we estimate layer-level marginal gains as our parameters, rather than probabilities P, ,(b) and node
weights o. By doing so, we can largely simply our analysis since we no longer need to handle the unknown weights and the extra
constraint of P, ,(b) as in the overlapping setting. Concretely, we maintain a set of base arms A = {(i,b)|i € [m],b € [¢;]}, and let
| Al = Xiepm ¢ e the total number of these arms. For each base arm (i, b) € A., denote y;, as the truth value of each base arm, i.e.,
Hip = Duey 0,(P;,(b) — P, ,(b—1)). Based on the definition of base arms, we can see that we do not need to explicitly estimate the
node weights o or probabilities P, ,(b), so we will use r, (k) to denote the reward function rg, , (k).

We present our algorithm in Algorithm 8, which has three differences compared with the Algorithm 3 for overlapping MuLaNE. First,
the expected reward of action k is r,(k) = Y1, 2:; | Hip» Which is a linear reward function and satisfies two new Monotonicity and
1-Norm Bounded Smoothness conditions (see Condition 1 and 2). Second, we use the Dynamic Programming method (Algorithm 7) as
our Oracle, which does not require the parameters y; , to be increasing. Moreover, the offline oracle always outputs optimal solutions.
Third, we use a new random variable Y; ,, which indicates the gain of weights which depends on whether a new node is visited by
random walker from the i-th layer exactly at the b-th step, i.e., ¥, = ¥ eUP_ (X, Ou = ) U=l (x, ) Ou for base arms (i, b) such that

j=1 10 =112

b<k,.

Condition 1 (Monotonicity). The reward r, (k) is monotonically increasing, i.e., for any budget allocation k and any two vectors p =
(ﬂi,b)(i,b)eA; w= (”,{Yb)(i,b)eA’ we have "u(k) < r”;(k), ifﬂi,b < ”z{,b’ for (i,b) € A.
Condition 2 (1-Norm Bounded Smoothness). The reward function r (k) satisfies the 1-norm bounded smoothness, i.e., for any budget
allocation k and any two vectors pu = (4; ;) pye s K = (M,{,b)(i,b)eA’ we have |r, (k) = r (k)| < stk[ lmip — ”;,hl'

We define the reward gap A, = r,(k*) — r,(k) for all feasible action k satisfying ", k; = B, 0 < k; < ¢;. For each base arm (i, b),
we define A" = miny 5o 55 A and A, = maxy, o4 55 Ak As @ convention if there is no action with k; > b such that A, > 0, we

define A’ ' — o and A"® =0. Also, we define A, = = ming e 4 A and A, = = max pes AL

max min max*

Theorem 9. CUCB-MG has the following distribution-dependent regret bound,

Reg,(T) < Tpen BENT 1214 + 2 | A]A

mm

max -

Algorithm 8 CUCB-MG: combinatorial upper confidence bound (CUCB) algorithm for non-overlapping MuLaNE, using Marginal Gains
as the base arms.
Input: Budget B, number of layers m, offline oracle DP.
1: For each (i,b) € A, T}, «< 0, fi;, < 1.
2: fort=1,2,3,...,T do
3: for (i,b) € A do
4 pip < \/m

5: fjp =min{f;, + p;p, 1}

6: end for
7: k < DP((#;); 4> B, €)
8: Apply budget allocation k, which gives trajectories X :=(X; ..., X; )ie[m as feedbacks.
9: For (i,b) e v 1= {(i, b) € A|lb<k;},
Yoo = Zuelgyy 13,1 %~ Zuellz) )
10: For (i,b) € 7, update ipand f;
Ty =Tp+ 1 Ay =fp+Xip = )/ Tip-
12: end for

H.2. Regret analysis for non-overlapping MuLaNE

In this section, we give the regret analysis for CUCB-MG, which applies the standard CUCB algorithm [17] to this setting.

Let A denote the set containing all base arms, i.e., A = {(i, b)|i € [m], b € [¢;]}. We add subscript ¢ to denote the value of a variable
at the end of ¢. For example, T;,, denotes the total times of arm (i, b)) € A is played at the end of round ¢. Let us first introduce a
definition of an unlikely event that f; ,, , is not accurate as expected.
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Definition 5. We say that the sampling is nice at the beginning of round t, if for every arm (i,b) € A, |fi; 5,—1 — #; 5| < p; ;> Where

3Int
Pivs =130, Let W, be such event.

Lemma 18. For eachround t > 1, Pr{-N,} <2|A|t™2

Proof. For each round ¢ > 1, we have

Pr{-N}
. . 3Int
=Pr{5|(l,b)€.A,|Mibe_1 _Mi,bl > }
2T, byt
. 3lnt
< 2 Prilfipe1 — mipl 2 V 2T—}
(i.heA bl
Z Pr{T . =
(ib)EA k=
- 3In¢
AlBipi—1 — Hipl 2 }
o ' 2T, i
(=1 5
-2
<y ) 5 <201
(i.b)EA k=1
WhenT;,, | =k, fi;,,_; is the average of k i.i.d. random variables Ym, . Y[k] where YU] is the Bernoulli random variable of arm
(i, b) when it is played for the j-th time during the execution. That is, 4, ,, | = 2 Y[’ /k. Note that the independence of Ym Y[k]

comes from the fact we select a new starting position following the starting dlstrlbutlon a; at the beginning of each round t The last
inequality uses the Hoeffding Inequaility [37]. O

Then we can use monotonicity and 1-norm bounded smoothness propterties (Conditions 1 and 2)to bound the reward gap A =
ru(k*) —r,(k;) between the optimal action k* and the action k, = (k, , ..., k; ) selected by our algorithm A. To achieve this, we
introduce a positive real number M, , for each arm (i, b)) and define M; = max yes, M;,, Where S, = {(i,b) € A|b=k,;} and | S| = B.
Define,

2, ifs=0
k(M. s) =924/92L, if 1 <5 < 2p(M),
0, if s> A0 (M) + 1,
where
24B2InT
Cr(M) = [TJ
Lemma 19. If (A, > M, } and N, holds, we have
Ay < Z op (M4, T 1) (H.1)
(i.b)es,
Proof.

First, we can observe i, ,, > p; ,;, for (i, b) € A, when W, holds. This comes from the fact j; ,, = min{4;,, | + p;,. 1} and |f;,,_ | —
Hipl < Pipye

Notice that the right hand of Eq. (H.1) is non-negative, it is trivially satisfied when A, = 0. We only need to consider A > 0. By
N, and Condition 1, We have the following inequalities,

ra, (k) 2, (k*)>rﬂ(k*)—Ak +ru(ky).

The first inequality is due to the oracle outputs the optimal solution given parameters f, ,the second inequality is due to Condition 1
(monotonicity).
Then, by Condition 2, we have

Ay, Srp ) =ry(k) < Y iy, = pypl.
(i,b)ES,

Next, we can bound A by bounding 4, — #;, by applying a transformation. As {A; > M } holds by assumption, so ¥, ; s, Vi —
Hipl = Ay, > M. We have

A, < Z i .s = Mip]
(i,b)eS;
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<M, +2 Z | ps = Hil

(i.b)ES,
M
=2 X (s = tipl = 550
(i,b)es,
M;,
<20 (g — Hipl - 5 (H.2)
(i,b)eS,

By W,, we have:
i M,

_ M;, .
[ ps — Hipl — 2B <min{2p;,,, 1} - SB

M.
<mind 2,20 U T
2T, 4 2B

Now consider the following cases:

_ M; . 3InT 1
Case 1.1f T, ), | < £7(M;,), we have ji;,, — p; — 5+ < min {2 2T,v:H , 1} < k(M T, g imy)-

3T M;, - M;, 1
Case 2. If T),, | > £1(M;,,) + 1, then 2 ﬁ < 55 80 iy = Hip = g SO = skp(My,Tipyy)-
Combining these two cases and Eq. (H.2), we have the following inequality, which concludes the lemma.

A, < Z or(M; . T; g 1)- 0
.bES,
Proof. By above lemmas, we have

T

Z”({Ak, > Mkt}A./\/',)Akt

=1

T
(=1 (i,b): (L.D)ES,
i,

<Y Y (M Ty
(

(
2 Z KT(Mi,b’ Ti,h,r’—l)
b)EA 1 e(t|te[T] k, ;>b)

Tipr

< D D k(M)

(i.D)EA s=0

(M) T
<2al+ ) Y 2\/67

(i,b)eA s=1

(M p)
<20Al+ Y / 24/61 s
5s=0 s

(i,beA

<2Al+ Y 44/6InTEH(M,,)

(i,h)eA

<204+ )

(i,h)eA

48BInT
M;,

Let usset M, , = A;’ﬁn and thus the event {A; > M, } always holds. We have

iu(/\/, AAy, = My, ) ) Ay,

t=1

<o+ Y BEWT

(bea Al

By Lemma 18, Pr{~N,} < 2| A|t72, then we have

T T )
E[Z”(ﬁM)Ak,] < Zzl-Alt_zAmax < %l-AlAmax'
=1

t=1

By our choice of M,

M=~

[I(Akt < Mkt)Akr =0.
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By the definition of the regret,

T
Reg,(T) =E [Z Akt]
=1
T

3 (n(w,) F1(Ay, < M)

t=1

<E

+I(N, A (A, sz,})>Akr]

ABBInT o) 41+ % |A|A

—_ I, max*

(bed Ay
For distribution independent bound, we take M; , = M = 1/48B|A|InT /T, then we have Z,T—1 Ay, <M }<TM.
Then ! - ' '

2
Regy (< Y EERL o) T A1, 0 + TM
(i,b)EA ib
48B|A|InT 2
< % 204l + %IAlAmaX +TM

2
48B|A|T InT + %|A|A +2|A4]

max

2
<14 B|A|T1nT+%|A|Amax+2|AI. O

Appendix I. Supplemental experiments
L.1. Experimental results for stationary distributions

In this section, we show experimental results with explorers starting from stationary distributions in Fig. I.8. Specifically, each
explorer W; starts from the node u in layer L; with probability proportional to the out-degree of u. For offline overlapping case, the
total weights of unique nodes visited for BEG and MG are the same, and outperforms two baselines, which accords with our theoretical
analysis. Similar to the Section 7, BEG and MG are empirically close to the optimal solution. For offline non-overlapping case, DP
and MG give us the same optimal solution. For the online learning algorithms, note that we still use BEG rather than MG as the offline
oracle, this is due to the UCB values do not have the diminishing return properties. The same applies for the non-overlapping case,
where DP (instead of MG) is used as the offline oracle. The trend of the curves and the analysis are similar to that in the Section 7.

L.2. Online learning algorithms with different total budgets

As shown in Figs. 1.9 and 1.10, although there are some fluctuations, the trend of the curves and the analysis are almost the same
as that when B = 3000, which shows our experimental results are consistent for different budgets.

L.3. Computational efficiency of online learning algorithms

For the computational efficiency of online learning algorithms, since the running time for algorithms with the same oracle is
similar, we first present the running time for CUCB-MAX (or CUCB-MG) with different oracles in Table I.4a under B=3.0k. CUCB-
MAX with BEG is 50 times faster than BEGE, which is consistent with our theoretical analysis. Table I.4b demonstrates the total running
time of CUCB-MAX and ECUCB-MAX algorithms with the same BEG oracle on the RocketFuel dataset under 7" = 10000, where the
running time of ECUCB-MAX is slightly longer than that of CUCB-MAX. This is expected because the variance-based adjustments in
ECUCB-MAX introduce extra computational complexity, although the difference in runtime remains relatively minor.

<10° Offiine optimization <10 Offiine optimization «10° Oniine optimization 10° Online optimization

12] —a CUCBMAX (1= 001 - CUCBMG (+=001)
—@— CUCB-MAX (y = 0.05) 8 - CUCB MG (v = 0.05)
TS
ol =+ Gzedy( =001) 6l —— Geeuy[ =001)
. o /
,—ﬂ . ; .
B
4 ‘é;x:-:l:#ts
o]

// —x- PROPS

25 2 25 2 EED)
T Bucae 8 Tol Bucoe 8 X102 *102

(a) Olene, overlap. (b) Offline, nonoverlap. (¢ ) Onhne overlap (d) Onhne, nonoverlap

Fig. 1.8. Explorers start with stationary distributions. Above: total weights of unique nodes visited given by different offline algorithms. Below:
regret for different online algorithms when B = 3000.
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Fig. 1.9. Regret for different online algorithms, when total budget B = 2000.

100 Online optimization 107 Online optimization «10° Online optimization 01 Online optimization
101 —a CUCBMAX (4 = 0.01) 107 —a CUCBMAX (+ = 0.01) 8] —a- CUCBMG (y=001)

- CUCBNG (1001

~@~ CUCB-MAX (v = 0.05) @~ CUCB-MAX (v = 0.05) ~@- CUCB-MG ( = 0.05) 8l @~ CUCB-MG (v = 0.05)

8 s 84 TS 6 s TS

- coredy (=001 = oo (=001 - corsedy (=001 * corody (=001 :
5 61 = EMP 61 o< EMP S EMP T =< Emp
< g4 P =

s 21 2] £ »
04 04
0 5 15

Regret
Regret
Regret

‘
J
ZW
0

15 ] 5 10 15

[] 5 15 [] 5

10 10
Round T Round T Round T x102

e Reurdt o e
(a) Overlapping, (b) Overlapping, (c) Non-overlapping, (d) Non-overlapping,
fix node. stationary. fix node. stationary.

Fig. I.10. Regret for different online algorithms, when total budget B = 4000.

Table 1.4
Running time (seconds) for online algorithms on two different
real-world datasets.

(a) With different offline oracles on the social network dataset.

Scenario BEG BEGE DP OPT
Overlapping 1.22 60.03 NA 107.33
Non-overlapping NA NA 0.86 82.01

(b) With different parameters on the computer network dataset.

Algorithm y =0.01 y =0.05
CUCB-MAX 97.6 96.9
ECUCB-MAX 102.7 98.6

I.4. Extended experimental settings and results

We extend the baseline experiments still on the FF-TW-YT dataset with its topology, by introducing more diverse weight assign-
ments and randomized starting positions.

Settings. Edge weights: Instead of fixing all values to 1, we adopt two alternative schemes: (i) sample each edge weight in-
dependently from {0,0.5,1} with equal probability, so that the network contains both weak, medium, and strong ties, reflecting
heterogeneous interaction strengths among users; (ii) set the weight of edge (1, v) € £ to deg(u) + deg(v), normalized by the maximum
value in the network, where deg(-) denotes the degree (number of incident edges) of a node. This scheme assigns larger weights to
edges connecting highly connected users, modeling the intuition that interactions between central individuals are stronger or more
influential. Node weights: Beyond the uniform random assignment {0, 0.5, 1}, we consider two alternatives: (i) power-law weights,
where each node weight is drawn from a distribution P(¢) «x ¢~* with & = 2.5 and then linearly normalized to [0, 1]. This captures the
skewness observed in real social systems, where a few nodes (e.g., influencers) are disproportionately important while the majority
remain relatively unimportant; (ii) centrality-correlated weights, where o, = deg(u)/ max ), deg(v), such that nodes with higher degree
receive proportionally larger importance, mimicking the common assumption that well-connected users exert greater influence. For
clarity, we denote the four settings as: (a) Discrete edges & Power-law nodes, (b) Discrete edges & Degree-based nodes, (c) Degree-sum edges
& Power-law nodes, and (d) Degree-sum edges & Degree-based nodes. Starting nodes: Instead of always using the smallest node-id, the
initial node in each trial is drawn uniformly at random from the vertex set of each layer. This avoids bias from a fixed entry point
and better reflects realistic exploration where the walker may start from arbitrary users.

Baselines. We newly include CUCB [7] and BCUCB-T [17] as stronger baselines in our comparison. Notably, both [7,17] propose
the same CUCB algorithm, with [17] providing improved regret bounds via new proof techniques. BCUCB-T [28] is designed for
settings with probabilistically triggered arms and achieves batch-size independence.

Results. We summarize the outcomes in Fig. .11, where each subfigure reports regret at 7 = 1500 for the four algorithms under
one weight configuration (panels (a)-(d)). Overall, ECUCB-MAX consistently achieves the lowest regret, where the gains stem from
its property of precision-balanced bounded smoothness and explorer-relaxed design. CUCB-MAX performs reliably as the second-best
method, while CUCB and BCUCB-T incur higher regret under heterogeneous conditions. Both rely on properties such as monotonically
increasing UCB estimates, which are not guaranteed to hold in the budget-constrained setting, leading to slower adaptation, especially
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Fig. I.11. Regret@T =1500 of algorithms under extended experimental settings.

under heavy-tailed weight distributions. In the degree-correlated cases (panels (b) and (d)), absolute regret decreases for all methods
since importance aligns with structure, but the ranking remains consistent. Finally, randomizing the starting node introduces only
minor additional variance and does not affect the relative ordering of algorithms.
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