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Abstract

We explore whether quantum advantages can
be found for the zeroth-order feedback online
exp-concave optimization problem, which is also
known as bandit exp-concave optimization with
multi-point feedback. We present quantum on-
line quasi-Newton methods to tackle the prob-
lem and show that there exists quantum advan-
tages for such problems. Our method approxi-
mates the Hessian by quantum estimated inexact
gradient and can achieve O(nlogT) regret with
O(1) queries at each round, where n is the di-
mension of the decision set and 7' is the total de-
cision rounds. Such regret improves the optimal
classical algorithm by a factor of T'2/3.

1. Introduction

In this paper, we consider the problem of online convex
optimization for exp-concave loss functions, which is also
known as online exp-concave optimization. Online convex
optimization is an important framework in online learn-
ing, and particularly useful in sequential decision making
problems, such as online routing (Awerbuch & Kleinberg,
2008), portfolio selection (Hazan et al., 2007), and recom-
mendation systems (Hazan & Kale, 2012). Online convex
optimization can be represented as a 1" round iterative game
between a player and an adversary. At every round ¢ € [T,
the player generates a decision z; from a fixed and known
convex set K C R"™, where n is the dimension of the deci-
sion set. The adversary observes x; and chooses a convex
loss function f; : K — R, with which the player suffers a
loss of f;(x:). Through this sequential process, some infor-
mation about the loss function f; is revealed to the player as
feedback. The goal of the player is to minimize his regret,

"Department of Computer Science and Engineering, The Chi-
nese University of Hong Kong, Hong Kong, China *School
of Computer Science and Engineering, Sun Yat-sen Univer-
sity, Guangzhou, China. Correspondence to: Lvzhou Li <lil-
vzh@mail.sysu.edu.cn>.

Proceedings of the 41°% International Conference on Machine
Learning, Vienna, Austria. PMLR 235, 2024. Copyright 2024
by the author(s).

which is defined as
T T
R(T) = ; Je(ze) — ﬂ%l%;ft(x)

A good algorithm/strategy of the player should have a sub-
linear regret (that is, its regret is sublinear as a function of
T) since this implies that as 7' grows, the accumulated loss
of the algorithm converges to that with the best fixed strat-
egy in hindsight (Hazan, 2016; Lattimore & Szepesvdri,
2020).

We study the setting of exp-concave loss functions. This
setting is also know as online exp-concave optimization
(OXO0). Note that OXO is useful in many machine learn-
ing problems, such as online supervised learning problems
(Rakhlin et al., 2015; Bartlett et al., 2015; Gaillard et al.,
2019), the portfolio selection problem (Luo et al., 2018;
Mhammedi & Rakhlin, 2022; Jézéquel et al., 2022). The
loss functions are assumed to be exp-concave, which is de-
fined as:

Definition 1 (Exp-concave functions). A function f : KL —
R is a-exp-concave over a convex set K if g : K - R, g =
e~ () s g concave function, where o > 0.

Typical algorithms for this setting, such as the online New-
ton step proposed by Hazan (2007), can guarantee a regret
bound of O(nlogT') after T' rounds. But the online New-
ton step method requires full information feedback, which
means that the loss function is revealed to the player as
feedback in each round, so that the player can obtain an ex-
act gradient to approximate the Newton’s direction. How-
ever, in many applications, the loss function is not always
easy to obtain. When only partial information is revealed as
feedback, the player has to make a prediction with limited
information, which will often lead to worse regret. Settings
with such feedback are called zeroth-order feedback set-
tings, and the feedback is modeled as a zeroth-order oracle
of the loss function which is only accessible to the player
after making his decision in each round. The zeroth-order
feedback setting is well studied for the online convex opti-
mization problem, as shown in the extended related works
in Appendix A.1. But for online exp-concave optimization
problems, it remains open. Liu et. al. (2018) proposed
an online Newton step algorithm with estimated gradient,
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where the gradient is estimated by an unbiased estimator,
and achieved an expected regret of O (nTQ/ 3log T) . How-
ever, there are still much room for improvement as the
existing OXO work of zeroth-order feedback setting only
achieves sub-optimal regret.

In the past decade, quantum computing techniques have
been applied to accelerate many optimization problems,
readers are referred to the extended related works in Ap-
pendix A.2 for a briefly review. Online convex optimiza-
tion problems can also be addressed using quantum com-
puting. In 2022, He et. al. (2022) studied the quantum
algorithm for online convex optimization of zeroth-order
feedback setting, which achieves a regret bound of O(v/T)
that is independent of the dimension of the decision set.
Under the same setting, this outperforms the optimal clas-
sical algorithms which have a square root dependence of
the dimension. Motivated by this, in this paper, we present
quantum algorithms for the online exp-concave optimiza-
tion problem with the multi-query bandit setting and we
explore whether quantum advantages can be achieved.

Problem Setting. Here, an algorithm is allowed to query
the zeroth-order oracle multiple times after committing a
prediction so to receive feedback in each round. A clas-
sical zeroth-order oracle Oy to a loss function f, queried
with a vector € K, outputs O¢(z) = f(x). A quan-
tum zeroth-order oracle () is a unitary transformation that
maps a quantum state |z) |¢) to the state |z)|q + f(x)),
where |x), |¢) and |q + f(x)) are basis states correspond-
ing to the floating-point representations of x, ¢ and q +
f(x) respectively. Moreover, given the superposition input
> z.q @, |7) |q), by linearity, the quantum oracle will out-
put the state >, v ¢ [7) [¢ + f(z)). Note that we do not
need to limit the power of the adversary, namely, the ad-
versary in our setting can be completely adaptive, and the
adversary can choose f; after observing the player’s choice
x;. We only assume that both the player and the adversary
are quantum enabled, which means that the adversary re-
turns a quantum oracle as feedback and the player can use
a quantum computer and query the oracle with a superpo-
sition input.

In addition, we make the following assumptions which are
common in online convex optimization. We assume the
loss functions are a-exp-concave and G-Lipschitz continu-
ous, (ie. |fe(z) — fi(y)| < Glly — z||, Vzx,y € K). We
also assume that the feasible set /C is bounded and its diam-
eter has an upper bound D, that is, Va,y € K, ||z — y|2 <
D. K, D, G are known to the player. In addition, to avoid
the mathematical proof in this paper being too lengthy and
tedious, the loss functions are assumed to be 3-smooth di-
rectly. The case where the smoothness assumption is not
satisfied can be solved by using the mollification technique
as shown in (He et al., 2022; Chakrabarti et al., 2020). We

will show how to extend our work to non-smooth case in
Section 5.3.

Contribution. The contribution of this paper is threefold.

* We propose a quantum randomized
rithm that can achieve the regret bound
O ((DG+ L) nlog(T +1ogT)), by querying
the oracle O(1) times in each round (Theorem 1),
which means that our quantum algorithm outperforms
the known optimal classical algorithm. Specifically,
the regret of our quantum algorithm improves the
optimal classical algorithm (Liu et al., 2018) by a
factor of 72/3, as shown in Table 1.

algo-

* We extend the analysis of online Newton step method
for the situation that the gradient is inexact but the er-
ror is controllable and can be by ¢; norm. This is the
theoretical basis for selecting the parameters of quan-
tum circuits and the learning rate appropriately. This
technique also implies that there exists a classical al-
gorithm with finite difference method can achieve a
logarithm regret by querying the oracle O(n) times in
each round, as finite difference method can give an
error controllable estimated gradient bounded by ¢,
norm as well.

* We generalize our methods and propose quantum
adaptive gradient methods and quantum online New-
ton methods with Hessian update respectively. The
analysis of quantum adaptive gradient methods is
closely related to online Newton methods. For the
later extension, we show how to extend the quantum
gradient estimation algorithm to the quantum Hessian
estimation algorithm for the case that the quantum
first-order oracle is accessible. Noticing that there is
no ‘real’ online Newton method yet, namely, there is
no classical online algorithm which use the Hessian
to design the update rule. Methods which approxi-
mate the Newton direction by the gradient informa-
tion are generally called the quasi-Newton methods in
offline optimization problems, but the word ‘quasi’ is
usually omitted in online optimization problems. To
fill this void, we propose a framework of online New-
ton method with Hessian update, and show that it can
achieve logarithm regret with appropriate parameters
(Theorem 2). We also generalize our methods to the
non-smooth case (Theorem 3).

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the basic concept of quantum comput-
ing and basic framework of online Newton step method of
(Hazan et al., 2007). Section 3 presents the quantum on-
line quasi-Newton method, where the parameter choosing
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Table 1. Regret bound for online exp-concave optimization.

Paper Feedback Regret

(Hazan et al., 2007)  Full information (first-order) O (DGnlogT)

(Liu et al., 2018) Zeroth-order 0 (DGnT2/3 log T)
This work Zeroth-order O (DGnlog(T +1ogT))

D is the diameter upper bound of the feasible set, G is the Lipschitz constant, n
is the dimension of the feasible set, 1" is the total decision rounds.

and the regret analysis of the algorithm are given in Section
4. Section 5.1 gives the idea about extending our work to
quantum adaptive gradient method. Section 5.2 gives the
online Newton method with Hessian update and its regret
analysis, accompanying with the quantum Hessian estima-
tion algorithm. Section 5.3 shows how to extend our work
to non-smooth loss functions. Finally, we conclude with
a discussion in Section 6. The extended related works of
online convex optimization and quantum optimization are
placed in Appendix A. The proof details are given in Ap-
pendix B.

2. Preliminaries
2.1. Notations

Quantum computing can be described with Dirac notations.
We denote the computational basis of C? as {|i)}{=,
where |i) is a d-dimensional vector with 1 in the i*” entry
and 0 in other entries. A d-dimensional quantum state can
be described with an unit vector [v) = (vy,va,...,vq)7 =
>, v; |i) € C? where v; is called the amplitude of |i) and
Do |vi|* = 1. The composite system of quantum systems
can be described by tensor product of quantum states, that
is, for [v) € C%, |u) € C%, the composite state of this two
states is [v) ® |u) = (viuy, V1Usg, ... VUL, ..., V4, Udy) €
C41*d2  The notation ® is often omitted when there is
no ambiguity. The evolution of a closed quantum system
can be described by unitary transformations. When we say
‘measure a quantum state’, we mean measuring the state in
computational basis unless otherwise stated. The measure-
ment will give one of the state in the computational basis
with the probability of the square of the magnitude of its
amplitude. For example, if we measure [v) = >, v; |i), we
will get ¢ with probability |v;|?, and the state will collapse
in |é) after measurement, for all i.

We also introduce the basic notations for the optimization
methods as follows. The horizon, namely, the total deci-
sion rounds is denoted by 7', and in order to distinguish it
from the notation of matrix transpose, the notation of ma-
trix transpose is denoted by Room letter T. The decision
set is denoted by /C C R™, where n is the dimension of the
decision set and its diameter has an upper bound D. The

decision made by the player in round ¢ is denoted by x;.
The loss function chose by the adversary in round ¢ is de-
noted by f;, the corresponding gradient is denoted by V f;
and the Hessian is denoted by H;(f:). The Lipschitz pa-
rameters of the loss functions and its gradient functions are
denoted by G and L, respectively. We use ||-|| to present
the Euclidean norm of vector, and given a positive definite
matrix A, we use ||| , £ VaT Ax to present the weighted
norm of vector x. The projection according to the weighted

norm defined by the matrix A is denoted as P,(CAt):

S(A¢ .
P (y) éalfgrznellrclllfﬂ—yIIAt- (1)

2.2. Basic Concepts and Frameworks

In this subsection, we introduce basic concept of quantum
circuit and the framework of classical online Newton meth-
ods.

Analogous to the way a classical computer is built from an
electrical circuit containing wires and logic gates, a quan-
tum computer is built from a quantum circuit containing
wires and elementary quantum gates to carry around and
manipulate the quantum information (Nielsen & Chuang,
2002). Thus, the quantum circuit is an efficient way to
describe quantum algorithms. The basic idea of a quan-
tum circuit is as follows: horizontal lines are used to rep-
resent quantum bits (or quantum registers). In general, sin-
gle lines for quantum bits (registers) and double lines for
classical information. Symbols within a box are used to
represent quantum gates and quantum measurements, with
the position of the box representing the quantum bits to be
executed. Time flows from left to right, and the quantum
circuit is executed from left to right. Note that any classical
circuit can be replaced by an equivalent circuit containing
only reversible elements, and thus can be simulated using a
quantum circuit.

We present the online Newton methods (Hazan et al., 2007)
in Algorithm 1, which is a basic framework for solving the
online exp-concave optimization problem. It starts with a
random decision, generates the decision of the next round
by moving the current decision in the quasi-Newton direc-
tion of the current loss function and then projecting to the
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decision set, where the matrix A; in the update rule is up-
dated by a rank-1 matrix generated by the exact gradient
information. With the exact gradient information, the on-
line Newton step method can achieve logarithm regret.

Algorithm 1 Online Newton Step Method (Hazan et al.,
2007)
Input: Step size v, parameter e.
Olltpllt: r1,T2,23,...TT
1: Choose the initial point z; € K randomly, let Ay =
el,,.
2: fort =1to T do
3:  Play x4, observe the loss function f; from the adver-
sary.

4: Update Tt41 = p’(CAt) (1‘t — %A;1Vft($t)>,

where Ay = A1 + Vfi(x)(V fi(z))T.
5: end for

3. Quantum Online Quasi-Newton Method

In this section, for the OXO problem stated in Section 1,
given the total horizon 7" and §, we present Algorithm 2
to produce a decision sequence x1, 2,3, ..., Ty for the
player, such that with probability greater than 1 — §, it
achieves a regret being logarithm of T". Specifically, ¢ is
divided into a series of parameters p; which are intermedi-
ate parameters used to adjust the success probability of the
quantum gradient estimation (Lemma 1).

Initially, the algorithm chooses z; randomly from X, and
then sequentially produces zs, z3, ...,z by online New-
ton step method. Steps 4-11 are the process of quantum
gradient estimation, where definitions of basic quantum
gates/circuit is given in Appendix B.1, and the quantum cir-
cuit is illustrated in Figure 2. The quantum circuit of Q r,
in Step 6 is constructed by using @), twice; Since the evo-
lution of a quantum operation is reversible, the Q;l can
be operationally realized by reversing the inputs and out-
puts of Q. 1 in Step 6 is the n-dimensional all 1’s vector;
the last register and the operation of addition modulo 2¢ in
Step 7 are used for implementing the common technique in
quantum algorithm known as phase kickback which adds
a phase shift related to the oracle; Step 8 is known as un-
compute trick which recovers the ancillary registers to the
initial states so that they can be reused in the next iterative.

For the update rule, if one needs to compute the invert of
Ay for each round t, it will incur a complexity of O(n?).
But with the help of Sherman-Morrison-Woodbury For-
mula (1950; 1950),

-1

Al = (At,l + %ft(xt)(ﬁft(xt»T)
= A;—ll - A;—llﬁft(fct)

< (14 (T o)A T )
x (Vule)" 47, )

the computation complexity can be reduced to O(n?). The
initial Ay is a identity matrix multiplied by a constant, thus
Ayt can be computed in O(n).

Algorithm 2 Quantum Online Quasi-Newton Method
(QONS)
Input: Step sizes {; }, parameters {7}, p, €.
Output: xq,29,23,...2T7
1: Choose the initial point 1 € K randomly, let Ay =
el,,.
2: fort =1to T do
3:  Play x, get the oracle of loss function @, from the
adversary.
4:  Prepare the initial state:

0%,0%%,...,09%) where b =

n  b-qubit registers
1 Gp

082 4mn2fBry
|09¢)  where

Prepare 1  c-qubit

16m™n

register

c = log, — 1. And prepare |yo) =

) 2mia
WZae{O,l,...,Qn—l}e 2" a).
5:  Apply Hadamard transform to the first n registers.
6: Perform the quantum query oracle Qg to
the first n + 1 registers, where Fi(u) =

20 T 20
ft xt"‘? U—Eﬂ — fe(ze) |,

2G7’t
and the result is stored in the (n + 1)th register.

7. Perform the addition modulo 2¢ operation to the last
two registers.

8:  Apply the inverse evaluating oracle Q;} to the first
n + 1 registers.

9:  Perform quantum inverse Fourier transformations to
the first n registers separately.

10:  Measure the first n registers in computation bases

respectively to get m1, mo, ..., My.
T
~ 2G 2b 2b 2b
11: Vft(ﬂ?t):? ml—g,mg—i,...7mn—§ .

12: Update Ti41 = PIE:At) (xt — iAt_lVft(xt)),
where At = At—l + Vft(It)(Vft(If))T .

13:  Bitwise erase the first n registers with control-
not gates controlled by the corresponding clas-
sical information of the measurement results
mi,ma,...,Mpy.

14: end for

We now analyze the query complexity of Algorithm 2. In
each round, it needs to call the oracle twice to construct
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Qr, and twice to perform the uncompute step Q;l, SO to-
tally 4 times for computing the gradient. Thus, O(1) times
for each round. Then, the error bound of the estimated gra-
dient is shown in Lemma 1, and the proof is given in Ap-
pendix B.1.

Lemma 1. In Algorithm 2, for all timestep t, if f; is 5-
smooth function, then for any ry > 0 and 1 > py > 0, the
estimated gradient V () satisfies

Pr( IV fu(w) = Vfila)lly > 87 (n/pu + 1)Bru/ ] < pu.

3)

The framework of quantum gradient estimator originates
from Jordan’s quantum gradient estimation method (Jor-
dan, 2005), but Jordan’s algorithm did not give any er-
ror bound because the analysis of it was given by omit-
ting the high-order terms of Taylor expansion of the func-
tion directly. In 2019, the quantum gradient estimation
method with error analysis was given in (Gilyén et al.,
2019), and was applied to the general convex optimization
problem (van Apeldoorn et al., 2020; Chakrabarti et al.,
2020). In those case, however, O(logn) repetitions were
needed to estimate the gradient within a acceptable error,
which means that the query complexity to the zeroth-order
oracle is O(log n). We improve the analysis of the quantum
gradient estimation method in our previous work (He et al.,
2022), and show that O(1) queries is sufficient in our prob-
lem, instead of O(log n) repetitions. The key technique is,
for each coordinate, the failure probability of a single repe-
tition can be made small at the expense of a weaker quality
of approximation, and then the worse approximation guar-
antee can be fixed by choosing a finer grid.

4. Parameters Selection and Regret Analysis

In this section, we show how to choose appro-
priate parameters such that Algorithm 2 guarantees
O ((DG + 1) nlog(T + log T)) regret, which gives The-
orem 1. Firstly, in each round, we need to bound the differ-
ence between the loss suffered by the player and the func-
tion value of best fixed strategy =™, but the latter one is un-
known to us when analyzing the regret bound, so we set to
prove a stronger property that holds for any points in the de-
cision set as shown in Lemma 2. Then, let this ‘any point’
be z* will give what we need. Secondly, summing up these
inequalities for all 7" round will give the regret bound, and
we need to choose appropriate parameters to bound every
term in O(log T') so to make the regret as small as possible.
Since the gradient estimator is not accurate, it leads to more
challenging analysis.

Lemma 2. In Algorithm 2, for all timestep t, let f, - K —
R be a-exp-concave functions with Lipschitz parameter G,
where K is a convex set with diameter D, then for any y €

K and any n; < min {8(;%, %}, the estimated gradient
V fi(xy) satisfies

Fi(y) > folae) + YV fu(a) " (y — 1)
+ @(y —20) "V (@) V frlz) T (y — 20)

2
— %HV}‘,(@) - 6ft(ajt)Hl

D - 2
fvaeo-seal.

The proof is given in Appendix B.2. In the following, we
show that with appropriate parameters, Algorithm 2 can
guarantee logarithm regret.

Theorem 1. Algorithm 2 with parameters n =

T
min{sa%, %}, € = ﬁ, {rt = Wiﬁ'l)ﬁt}t:f can
achieve the regret bound O ((DG + é) nlog(T + log T))
with probability greater than 1 — T'p, and its query com-
plexity is O(1) in each round.

The proof is given in Appendix B.3. Replacing {r;} into
b, we have b = log, "("T';p)t = O(log(Tn/§)), and
¢ = logy 7 — 1 = O(log(T'n/3)), where § = Tp is
the total failure probability we set for the algorithm. Thus,
O(nlog(Tn/d)) qubits are needed totally.

5. Extensions

We present how to extend the quantum online quasi-
Newton methods to quantum adaptive gradient method and
quantum online Newton method in this section.

5.1. Quantum Adaptive Gradient Method

The adaptive gradient method (AdaGrad) proposed by
Duchi et. al. (2011) is widely applied for deep neural net-
works. It has similar structure as online Newton methods,
hence we adapt it as an extension of this work. The adap-
tive gradient method has nearly the same update rule as
online Newton methods, except that the matrix in quasi-
Newton direction is replaced by G; = (At)l/ %, Note that
it is computationally impractical to compute the root of the
the outer product matrix Gy, Duchi et. al. (2011) special-
ized G to a diagonal matrix diag (At)l/ ?. Then, both the
inverse and root of the diagonal matrix can be computed in
linear time so that the AdaGrad method has the same com-
putational complexity as the first order of gradient method,
and thus can be regarded as a modification of gradient de-
scent. It can also be generalized to G; = diag (At)l_p for
p € [0.5,1], which includes both the AdaGrad method and
gradient descent method.

For those cases where only the zeroth-order oracle is ac-
cessible, we can use the O(1)-query quantum gradient es-
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timation method to accelerate the calculation and keep the
regret bound inline with the full information setting, which
gives the quantum adaptive gradient method as shown in
Algorithm 3.

Algorithm 3 Quantum Adaptive Gradient Method
Input: Step sizes -y, parameters p € [0.5,1], ¢, {r;}.
Output: xq,29,23,...2T7
1: Choose the initial point 1 € K randomly, let Ay =
el,.
2: fort =1toT do
3:  Play x, get the oracle of loss function @), from the
adversary.
4:  Use the quantum gradient estimation circuit with the
parameter r; to get the estimated gradient V f; ().
5: Let A, = A1 + Vft(It)(Vft(.’L't))T
PI(CGt) (xt - %G;lﬁft(l’t)),
where G = diag (A;)" .
7: end for

6: Update z;,41 =

Although the method is called the gradient method, its anal-
ysis is closely related to online Newton methods. With
similar analysis, appropriate parameters can be chosen to
guarantee the following regret:

T
Z (fe(ze) = fe(a7))

1 D2'}’ 1—
S (Gh) + —5—tx (Gr)(17P)/P

<0 (DVT), )

where D, is the upper bound of the /,-diameter of the de-
cision set, and ¢ = 2p/(2p — 1). Note that this algorithm
does not require the assumption of exponential concavity.

5.2. Quantum Online Newton Method with Hessian
Update

Since the estimation of each row of a Hessian matrix can
be seen as a gradient estimation process of one dimension
of the gradient function, the quantum Hessian estimation
algorithm with the first-order oracle can be designed using
the same framework of the quantum gradient estimation al-
gorithm with the zeroth-order oracle. It outputs one row
of the Hessian matrix per execution, thus O(n) repeats of
it can output a error controllable estimated Hessian matrix.
Here, with the quantum first-order oracle, given the super-
position input, one can receive a superposition state of cor-
responding gradients at different points. Figure 1 gives the
quantum circuit of estimating the i-th row of the Hessian
matrix. Running such circuit for all ¢ € [n], we will have a
estimation of the Hessian.

Compared with the quantum gradient estimation circuit, the
sub-circuits @, and Q;tl are replaced by the first-order

version Qv r, and Qg%t, respectively, where VF;(u) =

2 |y i 20 - v hich
2L7"t ft Tt + ? u — 5 — ft(:ct) , whicC

needs n c-qubit registers to store the output. Here, L is the
Lipschitz constant of the gradient function, and the other
symbols have the same meaning as those in the quantum
gradient estimation method. Before and after the modular
addition, swap gates between the i-th ¢ qubits register and
the last ¢ qubits register are added. Then, the estimation
of the element in ¢-th row and j-th column of the Hessian
~un 2L 20
G . b H(Za] ) _ h :
matrix is given by H; ™’ = 5 | M — 5 |- where m; is
the measurement result of the j-th b-qubit register, for all
J € [nl.

Noticing that there is no online algorithm which uses the
Hessian information to design the update rule. Thus, we
also give a classical framework online Newton method
with Hessian update, and show that it can achieve loga-
rithm regret. We still study the online exp-concave op-
timization problem, but assume here the player can get
the gradient and the Hessian of the loss function in each
round efficiently after suffering the loss. Consequentially,
the loss functions should assume to be twice differen-
tiable. We assume that the gradient of the loss functions
is L-Lipschitz continuous, that is, |V fi(z) — V fi(y)| <
Ly — z|, Vx,y € K. Similar to the exp-concave as-
sumption, we further assume that Va,y € K, fi(y) >
Fi(@)+V fula) T (y— ) + Ly — o) TH(f) (@) (y — ), for
all t € [T'], where H(f:)(x) is the Hessian of the loss func-
tion f; at point . The right-hand side of this assumption
is the Taylor expansion of the loss function omitting high-
order terms and multiplying a factor to the second-order
term, and thus will be easy to satisfy when 7 is small since
the Hessian of a convex function is positive semi-definite.

Algorithm 4 Online Newton Method with Hessian Update
Input: Step sizes 7, parameters e.
Output: z1,x5,3,...27

1: Choose the initial point 1 € K randomly, let Ay =

el,,.
2: fort =1to T do
3:  Play x4, observe the loss function f; from the adver-
sary.

4: Update Ti41 = p](CAt) (I’t — %A;1fo(£lit)),
where A; = A;_1 + H;.
5: end for

L A;1Vft(xt)) as the update

-1
n
rule, where A; = A;_1 + H(f:)(z+). Below we will write

We set x11 = P,(CAt) (
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Figure 1. Quantum circuit of estimating the i-th row of the Hessian matrix.

the Hessian H(f;)(z;) as H; for short. The algorithm is
presented in Algorithm 4, and then we show how to choose
appropriate parameters such that Algorithm 4 guarantees
logarithm regret, which gives Theorem 2.

Theorem 2. Algorithm 4 with parameters n = ﬁ and
€ = L, can achieve the regret bound O (2£2 log(T + 1)).

[e3

The proof is given Appendix in B.4.

5.3. Extend to non-smooth loss functions

In this section, we present how to extend Algorithm 2 to
non-smooth loss functions. It has been shown that Lip-
schitz continue functions are smooth in a small region
with high probability (Chakrabarti et al., 2020). However,
adopting this technique necessitates a few additional steps.
In their proof, they shows that non-smooth loss functions
are still smooth in a small region with high probability by
bounding the trace of the Hessian matrices. As they do
not assume that the loss functions are second-order differ-
entiable (nor do we), they need to use the mollifier func-
tions to approximate the loss functions. Yet, for certain
loss functions, the approximation error becomes uncon-
trollable. To address this challenge, they introduce clas-
sical randomness into the gradient evaluation, that is, sam-
pling randomly from the neighborhood of any given point,
and then use the gradient of the sample point as the gra-
dient of the given point. We denote the sample point as
2t € Boo(x¢, 7)), Where By (24, 7) is the ball in Lo, norm
with radius ; € R and center z;. Lemma 3 shows that

for any sample point z;, the trace of the Hessian matrices
is small in a region with high probability, and therefore we
can let 8 = nG/p;ry.

Lemma 3. ((Chakrabarti et al., 2020)) In Algorithm 2, for
all timestep t, let f; : K — R be a convex function with
Lipschitz parameter G. Then for any r,r; > 0 and 1 >
pr > 0, we have

G
P 3 By Tr{v?2 > .
ZteBm{%r;) y € (2,7), T{V ft(y)} = o | = bt

By combining the observation that in the proof of the quan-
tum gradient estimation, the smooth condition is only used
in a small region, we can give a process (for each round) to
extend our algorithm to the non-smooth case, as follows:

1 Sample z; € Boo(x,17).

2 Apply the quantum gradient estimation circuit on
point z; to get the estimated gradient V fi(z;), let

Vfilze) = Vfilz)

3 Update 24,1 = P,(CA*) (mt - %A;lﬁft (xt)), where
Ap = Ay + V() (Vi) T

Then, by Lemma 1, we will establish the error bound of
the form HVft(zt) - %ft(zt)H . However, Lemma 2 is
1
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no longer applicable here as it requires the error bound of

|V fitwe) = )
4. Initially, we utilize the property of exp-concavity at the
point z;, which yields a relationship between y and z;. Sub-
sequently, we leverage this relationship to establish a con-
nection between y and x;.

‘ . To address this, we give Lemma
1

Lemma 4. In the non-smooth version of Algorithm 2, for
all timestep t, let f; : K — R be a-exp-concave func-
tions with Lipschitz parameter G, where K is a convex
set with diameter D, then for any y € K and any n; <
min { g&5, 5 }. the estimated gradient V f,(x.) satisfies

folw) = file) + Vo) (y — )
oy = a0) V() V() (v — )

=19 fuz0) ~ Tz

,

D ~ 2
- e[ Va0 = )|,

2
~ 3Gy - EC ™)

The proof is given in Appendix B.5. The remaining part
involves parameters selections, which is similar to the proof
of Theorem 1.

Theorem 3. The non-smooth version of Algorithm 2
/ _ : 1 @ . 1
with parameters 1 = mln{@7§}’ € = pm

T T
{rt = W’W}tﬂ, {7“2 = t\l/ﬁ}t_l can achieve
the regret bound O ((DG + é) nlog(T + log T)) with
probability greater than 1 — T'(p + p), and its query com-
plexity is O(1) in each round.

The proof is given in Appendix B.6.

6. Conclusion and Discussion

In this paper, we considered the multi-points bandit feed-
back setting for online exp-concave optimization against
the completely adaptive adversary. We provided a quantum
algorithm and proved that it can achieve O(n log T") regret
where only O(1) queries were needed in each round. These
results showed that potential quantum advantages are pos-
sible for problems of online exp-concave optimization un-
der such setting since the classical online Newton method
with zero-order feedback only achieves O(nT?/% log T') re-
gret. Furthermore, we presented how to extend our work
to quantum adaptive gradient method and quantum online
Newton method with Hessian update. For the Hessian up-
date case, we also showed how to extend the quantum gra-
dient estimation algorithm to the quantum Hessian estima-
tion algorithm for the case that the quantum first-order or-
acle is accessible. Table 2 summarizes the update rules of
these algorithms.

We also proposed a classical framework of online New-
ton method with Hessian update, and showed that it
can achieve logarithm regret with appropriate parameters.
There are still much room for research between the Hes-
sian update (also known as full-rank update) and the rank-
1 update as shown in Algorithm 1 and 2, namely, online
Newton methods with rank-k update for 1 < k < n have
not been explored yet. In the offline optimization setting,
the convergence rate is better with higher rank update (Liu
et al., 2023a;b), but for the online optimization setting, the
problem whether high rank update can improve the regret
bound still remains open.

Furthermore, online algorithms with the quantum first-
order oracle have not been fully explored. With the quan-
tum first-order oracle, given the superposition input, one
can receive a superposition state of corresponding gradi-
ents at different points, but due to the properties of quan-
tum computing, we need to explore algorithmic design to
utilize some kind of overall information if we want to keep
the advantage of quantum computing. Thus, on one hand,
one needs to answer whether it can guarantee a better re-
gret if we can make use of some kind of overall informa-
tion of gradients of the loss function at different points.
On the other hand, one also needs to consider how to de-
sign a quantum algorithm to estimate the Hessian matrix.
But if we design the quantum Hessian estimation algorithm
with the first-order oracle using the same framework of
the quantum gradient estimation algorithm with the zeroth-
order oracle, it can only output one row of the Hessian ma-
trix per execution, which will lead to O(n) queries for esti-
mating the total Hessian matrix. Thus, it’s also interesting
to consider whether there exists a quantum algorithm that
can estimate the Hessian with O(1)-query to the quantum
first-order oracle.
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Table 2. Summary of the update rules.

Algorithm

Update rules

Quantum online quasi-Newton method
(Section 3)

Quantum adaptive gradient method
(Subsection 5.1)

Quantum online Newton method
(Subsection 5.2)

Ty = p;(cAt) (Sﬂt - %,At_left(xt)>’

where Ay = A1 + V fi(x)(V filze)T

Top1 = P,(CG‘) (:ct — %Gf%ft(xt)),

where Gy = diag (A¢)" P and A; = Ay_y + Vi () (V fo(2))T
Ti41 = p;(cAt) (JSt - %A;1Vft(xt)>,

where A; = A1 + fIt
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A. Extended Related Works
A.1. Extended Related Works of Online Convex Optimizaiton

In general, less feedback information received by the player in each round will lead to a worse regret. In early works
(Zinkevich, 2003; Hazan et al., 2007), it was assumed that the player can get full information of loss functions as feedback,
or has access to gradient oracles of loss functions. In 2003, Zinkevich (2003) defined the online convex optimization model
and showed that with gradient oracles feedback, the online gradient descent could achieve O(v/T) regret. Additionally, it
has been shown that the lower bound of this setting is Q(v/T') (Theorem 3.2 of (Hazan, 2016)).

Contrarily, online convex optimization in a single-query bandit setting was proposed by Flaxman et al. (2005), where
the only feedback was the value of the loss. Note that in the bandit setting, a regret bound for any strategy against the
completely adaptive adversary is (7). Thus, it needs to assume that the adversary is either adaptive or oblivious, i.e.,
the adversary must choose the loss function before observing the player’s choice or before the start of the game, respec-
tively. In any case, the expected regret of Flaxman’s algorithm is O(y/nT%/4). The dependence on T' was improved to
O(poly(n)V/T log T) by Bubeck and Eldan (2016; 2017) and Lattimore (2020) with the price of increasing the dimension-
dependence.

Better regret can be achieved if the player can query the value of the loss function at more than one point in each round.
In 2010, Agarwal et al. (2010) considered the multi-query bandit setting, and proposed an algorithm with an expected
regret bound of O(n?+v/T'), where the player queries O(1) points in each round. In 2017, the upper bound was improved
to O(y/nT'/k) by Shamir (2017), where the player queries & points in each round. Although much effort has been made
to minimize the impact of the dimension, but there is still a polynomial dependence on it, until the introducing of quantum
techniques. In 2022, He et al. (2022) gave a quantum subgradient descent method that achieves O(\/T ) regret without
dependence of the dimension n.

For works of the general convex loss functions setting mentioned above, it seems difficult to achieve regret logarithmic
in T even with the help of quantum computers. But for specific loss functions, achieving logarithmic regret is possible.
For strongly convex loss functions setting, O(log T') regret could be achieved by using online gradient descent with full
information feedback (Hazan et al., 2007) and by using quantum online subgradient descent with zeroth-order feedback
(He et al., 2022). For exp-concave loss functions setting, Hazan et al. (2007) showed that O(nlogT') regret could be
achieved by using online Newton step method with full information feedback. The online Newton step method requires
a generalized projection. For the full information feedback or first-order feedback setting, such projection can be avoided
by using barrier regularizer for some cases (Abernethy et al., 2012; Mhammedi & Rakhlin, 2022; Mhammedi & Gatmiry,
2023). But the setting of exp-concave loss functions with zeroth-order feedback is still an open problem. To the best of our
best knowledge, the classical online Newton method with zeroth-order feedback only achieves O(nTZ/ 31og T) regret(Liu
etal., 2018).

Table 1 provides a comprehensive summary for various works in online convex optimization.

A.2. Extended Related Works of Quantum Optimization

Optimization problem is one of the most important problems in science and engineering. Since quantum computing has
shown its advantages over classical computing, e.g., the famous Shor algorithm (Shor, 1999), Grover algorithm (Grover,
1996) and HHL algorithm (Harrow et al., 2009; Harrow & Montanaro, 2017), people have been exploring how to accelerate
the optimization process using quantum computing techniques. In recent years, some significant advantages have been
made on quantum algorithms for optimization problems. We classify these quantum optimization works in four classes:
whether the problems are continuous or discrete, and whether the problems are online or offline.

Offline discrete optimization. This kind of optimization problems are also called combinatorial optimization, which
was shown to be acceleratable by using quantum techniques such as Grover’s algorithm or quantum walks (Grover, 1996;
Ambainis & §palek, 2006; Diirr et al., 2006; Diirr & Hgyer, 1996; Mizel, 2009; Yoder et al., 2014; Sadowski, 2015;
He et al., 2020). In the NISQ area, series of variational quantum algorithms were developed to solve combinatorial
optimization, readers are referred to (Blekos et al., 2023) for more information.

Offline continuous optimization. When the optimization problems are continuous, usually one can device efficient algo-
rithms because continuous problems tend to have more properties to exploit such as the gradient information. In recent
years, some quantum improvements were achieved for offline continuous optimization in linear programming (Kerenidis
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Table 3. Regret bound for online convex optimization with different settings.

| Paper \ Feedback | Adversary | Regret
general convex loss functions
(Zinkevich, 2003) Full information (first-order oracles) Completely O (DGVT
(Hazan, 2016) Full information (first-order oracles) Completely Q(DGVT
(Flaxman et al., 2005) Single query (zeroth-order oracles) Oblivious O <\/ DGCnT?/ 4)
(Bubeck & Eldan, 2016) Single query (zeroth-order oracles) Oblivious 0] (DGn11 VT log T)
(Bubeck et al., 2017) Single query (zeroth-order oracles) Oblivious O (DGn®5\/Tlog T
(Lattimore, 2020) Single query (zeroth-order oracles) Oblivious O (DGn*°\/TlogT
(Agarwal et al., 2010) O(1) queries (zeroth-order oracles) Adaptive 0 ((D2 +n?2G*)VT )
(Shamir, 2017) k queries (zeroth-order oracles) Adaptive @) (DG\ /nT/ k)
(He et al., 2022) O(n) queries (zeroth-order oracles) Completely O (DGVT
(He et al., 2022) O(1) queries (quantum zeroth-order oracles) | Completely O (DGVT
a-strongly convex function
(Hazan et al., 2007) Full information (first-order oracles) Completely 0] (6'2 log T)
(Shamir, 2013) Single query (zeroth-order oracles) Completely Q (nﬁ)
(He et al., 2022) O(1) queries (quantum zeroth-order oracles) | Completely @) (G2 log T)
a-exp-concave functions
(Hazan et al., 2007) Full information (first-order oracles) Completely O (DGnlogT)
(Liu et al., 2018) Single queries (zeroth-order oracles) Oblivious 0] (DGnTQ/ 3log T)
This work O(1) queries (quantum zeroth-order oracles) | Completely | O (DGnlog(T + logT))

- Regret bound for online convex optimization with different settings. For a strategy, the less feedback information that the
player uses, the better; the stronger adversary the player faces, the better. The full information feedback model reveals the
most information about the function, while the single-query feedback model reveals the least. The completely adaptive
adversary is strongest, thus the corresponding models are the least restrictive ones in using, while the oblivious adversary
is weakest, thus the corresponding models are the most stringent ones in using.
- D is the diameter upper bound of the feasible set, G Lipschitz constant, C' is the diameter upper bound of the range of
loss functions, n is the dimension of the feasible set, 7" is the horizon.
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& Prakash, 2020a; Li et al., 2019; van Apeldoorn & Gilyén, 2019b), second-order cone programming (Kerenidis et al.,
2019c;b;a), quadratic programming (Kerenidis & Prakash, 2020b), polynomial optimization (Rebentrost et al., 2019),
semi-definite optimization (Kerenidis & Prakash, 2020a; van Apeldoorn & Gilyén, 2019a; Brandao & Svore, 2017; Kalev
et al., 2019; Van Apeldoorn et al., 2017), and general convex optimization (van Apeldoorn et al., 2020; Chakrabarti et al.,
2020). For the stochastic convex bandits problem, (Li & Zhang, 2022) gave a quantum algorithm that achieved exponen-
tial speedup in 7" with the price of increasing the dimension-dependence. Quantum techniques such as quantum Fourier
transform, HHL-like algorithms and QRAM play an important role in offline continuous optimization.

Online discrete optimization. Recently, people are considering how to apply quantum computing methods to online
optimization problems. The online discrete optimization problem is best known as the multi-arm bandit problem. In
2020, two quantum algorithms for the best arm identification problem, a central problem in multi-armed bandit, were
given (Casalé et al., 2020; Wang et al., 2021). They showed that with the help of quantum coherent bandit oracle, quantum
speedup can be achieved in the best arm identification problem. Later, for multi-armed bandits and stochastic linear bandits
problems (the later problem is continuous), exponentially improving for the dependence in 7" was shown using a weaker
quantum bandit oracle (Wan et al., 2023). Quantum amplitude amplification and quantum Monte Carlo method play a
central role in the study of quantum multi-arm bandit.

Online continuous optimization. In online continuous optimization, it is usually assumed that there is an adversary who
is responsible for choosing the loss functions in each round. Thus, it is often called the adversarial optimization problems.
In 2022, (He et al., 2022) studied the quantum algorithm of online convex optimization, which achieves a regret bound that
is independent of the dimension so that outperforms the optimal classical algorithms in the same setting which still have
polynomial dependence of the dimension. For the online portfolio optimization problem, (Lim & Rebentrost, 2022) gave
a quantum algorithm that provides a quadratic speedup in the time complexity by using techniques such as quantum state
preparation, inner product estimation and multi-sampling.

B. Proof detail
B.1. Proof of Lemma 1

We first provide some basic definitions of quantum gates/circuits (Nielsen & Chuang, 2002), as follows:

» Hadamard gate: H |0) := 0411 HI1) := %,

e modulo add: + |u) |v) := |u) |[(u + v) mod 2°),

_ 2mivw
2b

w),Yw € {2071 ... 201),

Tt b
It <$t + o (U - 221>> - ft(xf)‘| )

* Inverse quantum Fourier transform: QFT ! [v) := & D ve{—2v-1,. 20-1} €

,,,,,

2b

The oracle Qr,, defined as Qp, |u) |0) := |u) |0 + Fi(u)), where Fy(u) = 5C
Tt

can be construct by two )¢, , as follows:
|u) [¢) 0) 10) 10) [0) [0)

Tt 2b
) ) |+ % (u - 21>> 0) ) [0} 0}

two Qr, Tt b Tt b
£> |w) |ze) |20 + 5 <U — 22]1>> fi (fﬂt + 5 <U - 22]1>>> |z¢) | fe (1)) |0)
Tt 2b Tt 2b
) ) e+ o <u - 21>> i ( o <u - 2n>>> [20) | fulwe)) |Fi(w) ®)

and then uncompute all of the auxiliary registers.

Now we are ready to prove Lemma 1.

14
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e ——{orr
|On®b> H®b QFTil
Qr, Qr,

HE i QFT!
H®Y QFT!
0%°) I
o) +( mod 2°)
Yo

Figure 2. Quantum gradient estimation.

Lemma 1. In Algorithm 2, for all timestep t, if f; is 3-smooth function, then for any ry > 0 and 1 > p; > 0, the estimated
gradient V fi(xy) satisfies

Pr(IIV fu(awr) = Vfula)lly > 870 (n/pu +1)8r1/ 2] < pu. @)

Proof. We omit the subscript ¢ in the proof as the lemma holds for each timestep ¢. The states after Step 4 will be:

\/127 > T 0%, 0% .. 0%°) [0%) |a) . )
ae{0,1,...,27—1}

After Step 5:
1 2mia c
Vate 2 S i, u) [09) o). (10)
2 u1,Uz,...,un €{0,1,...,26—1} a€{0,1,...,2¢—1}
After Step 6:
1 2mia
V/2bnte E Fu))la) . (11)
bn+c Z Z ez ‘u17u27 7un>|
\/ﬁu1,ug,...,unE{O,l,...,Qb—l}aE{O,l,A..,2C—1}
After Step 7:
1 1 2mia
o > S O fuyug, ) [F(w) fa). (12)
2 U1, Uz, un €{0,1,...,26—1} a€{0,1,...,2°~1}
After Step 8:

1 ; Tia
Vo= > S T fuy g, ) [09°) fa). (13)

U1,U,..Un €{0,1,...,26—1} a€{0,1,...,2¢—1}

In the following, the last two registers will be omitted:

1 .
Z 2T (u) |wg, ugy ey U ) . (14)

u1,uz,..un€{0,1,...,20 -1}

15
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. : _ 2%,
And then we simply relabel the state by changingu — v =u — 5:

1 )
N > e o). 1s)
2 V1,02, 0 E{—2071 20147 2b-1}

We denote Formula (15) as |¢). Let ¢ = V f(z), and consider the idealized state

1 2mwig-v
[9) = —— > e 2 o). (16)
2 V1,02, v €{—2071, =201 41 2b—1}

After Step 10, from the analysis of phase estimation (Brassard et al., 2002):

Ng; 1 .
P —my; —V . 17
r[ oTe mz>e}<2(6_1),z€[n} (17)
Lete =n/p+ 1, where 1 > p > 0. We have
—m, P v
Pr{ ek >n/p+1] < Qn,VZG[n]. (18)

Note that the difference in the probabilities of measurement on |¢) and |1)) can be bounded by the trace distance between
the two density matrices:

[oXel = )Yl 1 = 2v/1 = [ (|} [2 < 2[[[¢) — [} |I. (19)
Since f is B-smooth, we have
20 T 1
Fv) < = Ty —
() < g fl@+ 5p) = f@)] + 5o
2t B(rv)? 1
Soarp? vt Tt g
g-v  2°Brn 1
<= —_—. 2
=%¢ T Tag T 20)
Then,
1 i 2migw
Ho) = 1) " = 55 Do [T — 758
1 ) 2mig - v
S QWZ|27T’LF( )— TlQ
Qbﬂrn 1 4
< oo 24 + 5 @1
Set b = log, 4ﬂ(i§/3r’ = logy s B — 1. We have
2
2 P
22
116) — k) I < 72, @2)
which implies || |¢)(¢| — [¢)(¥| [|1 < 5=. Therefore, by the union bound,
po| |29 >n/p+1| <2 vien (23)
T —m; = .
5c ~ Mi| > nlp o Vi€ln
Furthermore, there is
= 2G 1
Pr{gz—vif(@’ >(nébp—|—)] < %,Vie [n], (24)

16
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as b = log, 47&%’ we have
Pr|g: - %f(x)] > 8mn2(n/p+1)8r/p) < g,vz e [n). (25)

By the union bound, we have
Pr[lg = V@)l > 87n*(n/p+ Dr/p| < p, 26)
which gives the lemma. O

B.2. Proof of Lemma 2

Lemma 2. In Algorithm 2, for all timestep t, let f; : K — R be a-exp-concave functions with Lipschitz parameter G,
where IC is a convex set with diameter D, then for any y € K and any n; < min {SG%, g }, the estimated gradient V fi(x;)
satisfies

Foly) = felwe) + V fi(wn) " (y — x2)
(= ) TV @) V i) Ty — @)

D ~
- % ‘vft(xt) - Vft(iﬁt) X

Vi) = )| @

_ 3’
16G

Proof. Note that we omit the subscript ¢ in the proofs of the lemmas as they hold for each timestep ¢. By the definition of
Q-exp-concave, e~/ (@) is a concave function. For n < %, e~ 21f(%) is a concave function as well. By the definition of
concave functions, for any y € K, we have

6_2nf(y) < e—217f(w) TV (6—277f($)>T(y _ 1’)
— 6—2711"(1) + _27’]@_277f(z)Vf(fL‘)T(y - .I‘), (27)

Simplifying gives
£0) > (@) = 3-10g (1 =209 (@) (g = )
> f(@) + V@) (y = ) + 5y — ) VI @) VI @)y — ), (8)

where the last inequality comes from —log(l — z) > z + % for any |z| < 1. Further, for the second term on the right
hand side of Inequality (28),

VI () = V@)~ ) + V@) - 2) — V@) ()
V@) - a)+ (V@) - T @) o)
Vi@ —2) ~ Vi@ - V@) lly -2l

Vi@ (y—2) - [Vi@) - V@) lly-al, 29)

AVAR|

Y

Since ||y — x[|, < D, we have

V@) (y—2) 2 V@) (y — @) - D|[Vf(x) - V() (30)

v
For the third term on the right hand side of Inequality (28),

S =) V@V (@) (y - )

17
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=S =)'V I@)VI@) (- 2) + Sy - 2) V@)V @)y - )

— My = 2) V@)V (@) (y - o)

2
=2~ )" V@)V @) - 2) + 5y - 2) V@)V @)y - )
— 2y~ 2)"VI@)VF@) (g —2) + 2y~ 2) V@) V@) (y - )
=) V@)V @) (g~ @)

=~y = )@@ - 2) + Ly - ) V@) (V@) - Vi) - a)
+ 2y =) (V@) = Vi) Vi) (y - =)

(v =)V F@) V@) (= @) = 2y = allo [V @), | V@) = s @) Dy -2l
= Dy = ol ||V 5@ = V@), || S @)1y -
=2y~ 0) "V @)V @) (g~ o) = Sy — all, IV @) V@) = Vs @)y -2l
= Dy = oll||V £ @) = Vs@)| V1@ - Vi@ + 91 @)y - 21,
>0y - o) VI@V@) (g~ 2) = 2y — 2l IV @[5 @) = 5 @)y =2l
= Ay —all||Vs@ - V@), ([F5@) - V@), + 197@)12) Iy - 21,

=2y~ )"V @V @)y — @) = nlly = 2l V@]V @)~ Tr@)]| 2l

N3

Dy~ el [V @) T 5@y~
> 2y~ ) VI @ V@)~ @) = nlly ~ 2l IV @)L||V @) - V@) ly = ol

Uy — |V @) Ty~ 2
=2y =) TV @) V@) (g ) = 0l VI @) ||V @) = VF@)|| Iy -l
Vs - @)y - a1

Since 0 < gz |y — ll, < D. [V ()], < G. we have

g(y — )"V (@) V@) (y— =) Zg(y — )"V (@) V()T (y - )
D ~ D ~ 2
- < |vr@ Vi@ - 5@ - V@) - (32)
In summary, we have
Foy) 2 Felwe) + Vulae) Ty = w0) + 0y = 20) TV fulan) Vulae) Ty — )
~ ~ 2
-2 |vs@ - V1@, - 155 VH@ - @) ()
which gives the lemma. O

B.3. Proof of Theorem 1

T
Theorem 1. Algorithm 2 with parameters n = min {86%3, %} € = WTBQ, {rt = Wiﬂ)&} , can achieve the
t=1

regret bound O ((DG + é) nlog(T + log T)) with probability greater than 1 — T'p, and its query complexity is O(1) in
each round.

18
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Proof. By Lemma 1 and Lemma 2, for any y € K and any 7, < % min {G%, a}, in any time step ¢, with probability
greater than 1 — py, the gradient V f;(x;) estimated by Algorithm 2 satisfied

Foy) 2 Fulwe) + Vfulae) Ty = @) + 0y = 20) TV fula) Vulae) Ty — )

4D(mn3(n/py + 1)Bre/pe)?
L .

Inequality (34) is required to hold for all T rounds. Let B; be the event that Algorithm 2 fails to satisfy Inequality (34) in
the ¢-th round. First, set the failure rate of each round to be the same, specifically, equal to p. Then by Lemma 2, we have
Pr(B;) = Pr(B3) = --- = Pr(Br) < p. By the union bound (that is, for any finite or countable event set, the probability
that at least one of the events happens is no greater than the sum of the probabilities of the events in the set), we have
Pr (ULBt) < ZtT: 1 Pr(B;) < Tp. Namely, the probability that Algorithm 2 fails to satisfy Inequality (34) at least one
round is less than T'p, which means the probability that Algorithm 2 succeeds for all 7" round is greater than 1 — T'p. Let
T* € argmingcx Zle fe(x). for the fixed y = =*, for all ¢ € [T'] with probability 1 — T'p, we have

—9Dmn*(n/py + 1)Bre/pe — (34)

fel@e) = fo(@*) < Vulae) " (2 — ) — %(‘Tt — &)V fi(w)V fi(w) " (@ — 2¥)
AD(xn®(n/p + 1)Bre/p)*.

+9Dan*(n/p +1)Bri/p + = (35)
By the update rule for x;; and the Pythagorean theorem, there is
A 1 _ 2
lzen — 2|, = ‘ P (xt - Atlvft(l"t)> -z’
) uis Ay
1 —1 * 2
§ Tt — fAt Vft({l?t) — T
Tt A,
S (iUt — T )TAt(l't — T ) - ;vft(xt)T(xt — T ) + vat(wt)TAt 1Vft(xt). (36)
t t
Since ||z¢41 — x* Hit = (v411 — 2*)T Ay (2441 — o*), combine with Inequality (36), we have
~ 1 <~ 1S % *
Vi) (= 1) <59 fala) AL IV fe) + 5 (= 2T Al — )
t
- %($t+1 — x*)TAt((Et+1 — $*) (37)
summing Inequality (37) from ¢ = 1 to ', we have
T T .
Z Vft(.’L‘t) Tt — J? < Z 7Vft(])t)TA Vft th + Et Tt — J? At(xt — Qf*)
— t=1
4 i
-3 525 w1 — &) Ay (@0 — 27)
t=1
Ty _ .
= Z o Vfilz)TATIV fy () + 51@31 — 2T Ay (21 — z%)
— Tt
1z
52 Iy —x ) (neAs —ne—1Ai—1)(z¢ — %)
- %T( re1 — 2 Ap (g — o). (38)

Setn) =ne = --- =nr =n, we have
T T 1 - _ "
> Vi) (e — a*) < Z Q—Vf (@) TATIV fo () + 5@ = ) A (z) — z¥)
=1 t=1

19
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(xe — ") (Ar — Aoy (2 — 27)

+
N3
[M]=

~
Il
N

(w141 — ) Ap(zrgr — 2*)

V(@) TATI fy(20) + g(xl — 29T A (2 — 2%)

I
ITMH
= w\:
[N}
:‘“

(z¢ — x*)Tﬁft(xt)(%ft(l"t))T(ft — ")

+
N3
[M]=

~
||
N

(w141 — ) Ap(zrgr — 2*)

V() ATV fo(ah)

2~

1
TFMﬂ
- w\:

+
VRS

(#1 = a")" (A1 = VAE)VAE))T) (0 - a")

(z¢ — m*)Tﬁft(xt)(ﬁft(xt))T(fft — ")

+
N3
[M]=

-
Il
_

— plarp — ) Ar(ern —27)
T
= 3 SV A ) + G =) Ty )
t=1
T
+ g > (= )V fulan) (V i) (e - 2*)

~~
Il
-

—~

TT4+1 — T ) AT($T+1 - x*)

-1 € * *
Ve ATV fulae) + e — 2 ol — 27,

IN
\TM%
= w\z
[N}
d"‘

(@ = 2) "V fu(2)(V ful) (= 2¥)

+
N3
[M]=

~
I
—

(w141 — ) Ap(zrgr — 2*)

IN
[~ s

giﬁmxt)TA;l%ft(m +
t=1 n
T ~ ~
+ 3 (@ —a) TV i) (Vi) (= o)
t=1
— Yoz —2") Ar(arss — o).

For any ¢ € [T], by the update rule, A; = eI + ', V fo(2s)(V fo(2,))T, since

AT =™+ Y (@) (T @) =+ 3 Thla) (T hula)T = A
s=1 s=1

Therefore, A; are symmetric matrices, and for any z € R",

t
2TAz=e2"2 + Z 2V fo(6) (V fs(zs) T 2

s=1

20
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=e2Tz+ Z (%fs(ms))Tz)T (%fs(xs))Tz, 41
s=1

when e > 0, 2T A,z is non-negative, namely, A; are positive semi-definite matrices. Set 7 > 0, ¢ > 0, the last term in the
right hand side of Inequality (39) is negative, can be discarded. For the first term in the right hand side of Inequality (39),
we have

T
Z; fﬂt TA Vft(l"t ZTT (A Vft(xt)vft(l't) )

1 T
%t 1TT (At_l(At *At—l))
1 T
=) Tr(I-A4;°°4,14;°7)
27715 1
1 T n
Z 1 _ .5At_1At—0.5))
t 1 s=1
<——ZZlog (A% A1 4799))
t 1s=1
Z—beg S s (A7 A1 A7)

1 —0.5 —0.5
- _% Zlog (det (At 0. Ay 1Ay 0 ))

T
- _2i Zlog (det (A; %) det (A;—1) det (4;°7))

:——Zlog det (A; ") det (4;-1))
= —% log (Ht 1 det (A )det (At 1))

= —% log (det (A;l) det (AO))

= 5,7 108 (det (A7) det (47Y))
= gl (d t <<I +t§f:1?ft<xt><€ft(wt>>T) (d)l>>
< Lo (e fswall) )
B 2% tos <<€ * i |V fiwe) = Vi) + Vft(mHZ) e*)
< 5,108 ((6 +é (|9 futa) = V)| + ||Vft(a:t)||2)2> 6—1)
< goion (e 3 (|98t - v, +)") )
|

2
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< %log << z:: (8mn*(n/p+1)Bri/p+ G) > ) , (42)

where A\;(A) is the s-th eigenvalue of matrix A, det(A) is the determinant of matrix A. Summing Inequality (35) from
t = 1to T, and combine Inequality (39) (42), we have

> felw) = fula®) < —log (( Z (87n®(n/p+1)Br/p + G) ) >+ en;)g

AD(xn(n/p + 1)/ p)”

+Z9D7rn (n/p+1) Brt/p-l—z o (43)
t=1 t=1
: 1 « 1 pG T
Set 7 = min {QG—D, 5} €= 2pEs {rt = 7m3(n/p+1)ﬁt}t:1’ we have
T T 2 T
. n 8G 99 1 9D DG2
th(mt)_ft(w)gml()g<1+z<t+G) 77D>+277+Z : Z
t=1 t=1 t=1 =1
T 2 T
1 8 1 9DG 4DG
< —log |14+ — (+1) +—+ — + —
T
n 1 1 1 13DG
< —1 1 -4+ —+1 — —_—
=9 0g< +t§_:1<t2+4t+ )>+2n+§ ;
n 5 1
<—log |1+ -logT+T )|+ — +13DGlogT
2n 4 2n
1 ) 1
< (DG+ a) nlog (1 + 4logT+T> + (DG—i— a) + 13DGlogT
1
=0 ((DG + > nlog(T + log T)) . (44)
@
Thus, the theorem follows. O
B.4. Proof of Theorem 2
Theorem 2. Algorithm 4 with parameters n = ﬁ and € = L, can achieve the regret bound O (% log(T + 1))
Proof. By the assumption, let z* € arg mingex Zthl fi(z), for the fixed y = x*, for all t € [T'], we have
felw) = fula") < Viula) (o0 = o) = 2w =« TH(f) (@) (@0 - 2°). 45)
By the update rule for ;1 and the Pythagorean theorem, there is
2 (A 1 2
|Te41 — 2|3, = ‘ P (xt - At_lvft(l’t)> -z
U A,
1 2
S Ty — —A[1Vft(a:t) — JI*
Tt Ay
2 1 _
S (.Ift — I‘*)TAt(l‘t — l'*) — n*Vft(Z‘t)T(l‘t - l'*) + ?Vft(xt)TAt 1Vft(It). (46)
t i

Since ||x¢441 — @ HAt (2441 — 2*)T Ay (w41 — *), combine with Inequality (46), we have
Vft(fﬂt) (fft — T ) Vft(fﬂt) A;1Vft(:rt) + %(mt - IE*)TAt(.’Et - .’E*)
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— é(.’l}t+1 — .%'*)TAt(l‘t+1 — ZL‘*)

summing Inequality (47) from ¢ = 1 to T, we have

T T T
1
t:E - Vft(.’lft)T(l't — J}*) < é % ft(mt) A Vft .Tt + 2 % Tt — z* At(l‘t — Z‘*)

n .
% w1 — %) T Ay (21 — %)

Vft(xt)TAJIVft(xt) + %(xl — m*)TAl(:El — ")

LM% 'IMH

T
%Z (xy — " ntAt Ni—1Ai-1)(zr — z*)
- U?T(x;m_l — 2T Ap(zpy — 2%).
Setn; =ny =+ =nr =mn, we have
- T 1 T -1 n T
vat(ﬂft) (ze —a7) < Z %Vft(xt) Ay V fi(@e) + 5(551 — ") Ay (z — ")

t=1

+ (zy — ")V (Ay — Ay_1) (2 — %)

o1
M=

t

/|
N

(w141 — )T Ap(zrgr — 2¥)

Vfe(a) " ATV fola) + g(l“l — ") (A — Hy) (21 — 27)

&
I
=

Il
+
o ML
M- £l

(2 — &) Hylwy —a%) = D (ars — o) T Ap(wrss — 2*)
1

~
I

enD?

< Vfi(z)TATIV fo(2) +

E
Y

3

t=1

For the first term in the right hand side of Inequality (49), we have

T
Z Vft J?t) A Vft(l‘t 21772% A Vft(.’llt)Vft(xt) )
1 N 1T
—1
S E 2 Tr (At Ht)

T

1 -1
- ;ﬂ (A7H (A — Ayy))
% log (det (Ar) det (A5"))

_%log det €I+;Ht (eI)

. =
S log ((e+LT)e ') .

IN

IN

23

T
+ g tz:;(l‘t - $*)THt($t — .Z‘*)

(47)

(48)

(49)
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sete=L,n=35 D 7. Summing Inequality (45) from ¢ = 1 to T', and combine Inequality (49) (50), we have
T
D2
fo xt) )<glog((e+LT)e*1)+L
t=1
DIn
<0 log(T' + 1) ShH
It therefore gives the theorem. O

B.5. Proof of Lemma 4

Lemma 4. In the non-smooth version of Algorithm 2, for all timestep t, let f; : I — R be a-exp-concave functions with
Lipschitz parameter G, where K is a convex set with diameter D, then for any y € K and any n; < min {ﬁ, g } the

estimated gradient ¥V fi(xt) satisfies
Fily) > filae) + V() (y — z1)

+ %(y —20) "V (@) V frlz) T (y — 20)

Pl -t

2 fosteo-Sce].
— 3Gy — ””2G (7

Proof. Note that we omit the subscript ¢ in the proofs of the lemmas as they hold for each timestep ¢. By the property of
Q-exp-concave

F4) 2 F) + VI (4 = 2) + Sy = 2"V VIE) @ - 2), (52)

For the first and the second term on the right hand side of Inequality (52),

F@+VIE (-2 = f()+ V) (y—2) + (V@ )T(y— z) = V(@) (y — ) + (f(z) - f(2)

(2) + V£(
=f@) + V@) (y—2)+ (Vf(z) - Vi) (v —2) + (f(2) — f(2)) + V()" (@ - 2)
> f(@) + V@) (y—2) = IVF(2) = V@) 1lly = 2llec = Gllz = zll2 = [V £(2)ll2llz - ]2
> f(2) + V@) (y—2) = |VF(2) = V@) illy — zl|2 — 2GV/nr'.
> f(@) + V(@) (y — ) = D|[V(2) = V(@) — 2Gvnr'. (53)

Further, for the third term on the right hand side of Inequality (52),

Sy =TV - 2)
Sy =) VIV =) + 5y~ ) VIV - 2)
— 2y —2) VI ()VF() (y )

=Ly — &)™V ()V() (g —2) + Ly — 2) VIV (Y - 2)

2 2
~ = VFRVE) (- @) + 2y - 2 VYR - 2)
— 2y —2)"VI()VF() (y — )

=y =) VIRV =)+ 3y = ) VIRV @ - 2)
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R CEDRVIONIOROEED
=y —0)"VIVIE) Ty —a) + e = ) VIV @ - 2)
+ 5 —2) VIV (@ = 2) + 5o = 2) V() V) (y - o)
>0y —2) VIV (=) = Lz =PIV = lle = IV ly - ]
>0y ) VAV - ) - g DG
>0y~ )TV (- 2) - 2~ VG 54

We then handle the term # (y — )TV f(2)V f(2)T (y — x) with the same technique as shown in Inequality (31), we have

gw—xFVﬂaVﬂ@Wy—mzg@—xfﬁﬂa%ﬂa% ~ )
-5 vie -1, - Ve - 9o
=5 =)' V@V (@) - )
- 2vie -5, - 15| v - Vs 55)

In summary, we have

Fey) 2 Felwe) + Vfulae) Ty = w0) + 0y = 20) TV fulan) Volae) Ty — 1)

9D ~ D ~ 2 nr'?G
= |[VrG) = V)|, - 15 [T G - V||| - 6V - (56)
8 116G 1
which gives the lemma. O
B.6. Proof of Theorem 3
Theorem 3. The non-smooth version of Algorithm 2 with parameters 1 = min{sa%,%}, € = ng%,

T T
{rt = W}t:f {7‘2'5 = ﬁ}tﬂ can achieve the regret bound O ((DG + 1) nlog(T +1logT)) with prob-
ability greater than 1 — T'(p + p), and its query complexity is O(1) in each round.

Proof. Similar to the proof of Theorem 1, we have

th (a¢) )< o5 (( Z (87n*(n/p+1)Bre/p+ G) ) >+ «nD”

2

+Z9D7Tn (n/p+1) BTt/,O+Z4D ™m (n/p+1)57at/p)

=1 =1 G
T T 2
, nriG
+> 3GV + ) 5 (57)
t=1 =1
By Lemma 3, we let 3 = nG/pr}. Setpi = po = .-+ = pr = p. Then, set n = min{gd5,5},e =

T T
U P = b
72D’ {Tt 7972 (n/p+1)t2 }t:f {rt t\/ﬁ}tzl wehave

T T

& o ? 1 -~ 9DG ADG> 3G
Z t(z) — fi(x <log< Z(—i—G) 772D> 2——1—2 . Z PoTe +; n Z%Q

t=1 t=1
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1 5 1 7
< <4DG+ > nlog <1+ 410gT+T> + <4DG+ ) +13DGlog T + gGlogT
@ @

=0 <(DG + i) nlog(T + 10gT)> . (58)

Thus, the theorem follows. O

26



